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Od p�hfdqltxh txdqwltxh uhsrvh vxu xqh v�hulh g*d{lrphv frpph od vwuxfwxuh kloehuwlhqqh gh
o*hvsdfh ghv �hwdwv/ o*�htxdwlrq gh Vfku�rglqjhu srxu g�hfuluh o*�hyroxwlrq whpsruhooh g*xq v|vw�hph rx
hqfruh oh sulqflsh gh _u�hgxfwlrq gx sdtxhw g*rqgh% srxu g�hfuluh oh u�hvxowdw g*xqh phvxuh1 Fhv
d{lrphv vrqw vx�vdqwv srxu wudlwhu xq sureo�hph �d xqh sduwlfxoh rx �d Q sduwlfxohv glvwlqfwhv/
pdlv v*dy�huhqw lqfrpsohwv srxu ohv vlwxdwlrqv r�x soxvlhxuv sduwlfxohv lghqwltxhv vrqw hq mhx1

Xq h{hpsoh vlpsoh gh fhwwh lqvx�vdqfh hvw oh fkrf �hodvwltxh hqwuh ghx{ sduwlfxohv txh qrxv
qxp�hurwrqv 4 hw 5 +�jxuh +414,,1 Sod�frqv0qrxv srxu vlpsol�hu gdqv oh u�hi�huhqwlho gx fhqwuh gh
pdvvh/ ohv ghx{ sduwlfxohv d|dqw lqlwldohphqw ohv lpsxovlrq �s� hw ��s�1 Dsu�hv oh fkrf/ g�hwhuplqrqv

od suredelolw�h gh phvxuhu xqh sduwlfxoh dyhf o*lpsxovlrq �ss hw o*dxwuh dyhf o*lpsxovlrq ��ss +rq
d elhq vaxu m�ss m @ m�s�m,1 Vl ohv ghx{ sduwlfxohv vrqw glvfhuqdeohv/ fh u�hvxowdw gh phvxuh shxw

fruuhvsrqguh �d o*xq ghv ghx{ �hwdwv �qdov =

m4 = �ss > 5 = ��ss l m4 = ��ss > 5 = �ss l +414,

hw od suredelolw�h srxu rewhqlu fhwwh g�hwhfwlrq vlpxowdq�hh hvw od vrpph ghv suredelolw�hv fruuhv0
srqgdqw �d ghv �hwdwv �qdov ruwkrjrqdx{ =

S @ mD+�s� $ �ss >��s� $��ss,m
2 . mD+�s� $��ss >��s� $ �ss ,m

2 +415,

r�x D+�s� $ �s>��s� $ ��s, g�hvljqh o*dpsolwxgh gh suredelolw�h/ qrpeuh d sulrul frpsoh{h/ srxu
xq surfhvvxv grqq�h1 Hq uhydqfkh/ vl ohv sduwlfxohv vrqw lqglvfhuqdeohv/ od glvwlqfwlrq hqwuh ohv
ghx{ �hwdwv +414, q*d sdv gh vhqv1 Lo v*djlw gx pahph �hwdw sk|vltxh �qdo/ sxlvtxh sdu g�h�qlwlrq
gh o*lqglvfhuqdelolw�h/ lo q*| d sdv pr|hq gh ohv glvwlqjxhu1 Txh grlw0rq idluh gdqv fh fdvB Dmrx0
whu ohv dpsolwxghv gh suredelolw�h/ ohv vrxvwudluh/ dmrxwhu ohv suredelolw�hvB Uhpdutxrqv txh fh
sureo�hph hvw w|sltxhphqw txdqwltxh1 Vl ohv sduwlfxohv vrqw fodvvltxhv/ rq shxw wrxmrxuv lghqwl�hu
ohv wudmhfwrluhv/ hw frqqda�wuh o*ruljlqh gh od sduwlfxoh g�hwhfw�hh1 Qrwrqv dxvvl txh oh sureo�hph qh vh
srvh txh vl wrxwhv ohv fdudfw�hulvwltxhv ghv ghx{ sduwlfxohv vrqw ohv pahphv = pahph pdvvh/ pahph
fkdujh/ pahph vslq/111 Ghx{ �hohfwurqv vrqw lghqwltxhv1 Hq uhydqfkh/ xq �hohfwurq hw xq srvlwurq
qh vhurqw mdpdlv wudlw�hv frpph lghqwltxhv/ pahph gdqv xq sureo�hph r�x od fkdujh q*lqwhuylhqw
sdv1 Lo hvw hq h�hw wrxmrxuv srvvleoh g*lpdjlqhu xqh h{s�hulhqfh gdqv odtxhooh rq phvxuhudlw fhwwh
fkdujh hw rq g�hwhuplqhudlw ohv fkhplqv vxlylv uhvshfwlyhphqw sdu o*�hohfwurq hw oh srvlwurq> rq
shxw grqf dssoltxhu gdqv fh fdv od irupxoh +415,1
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Iljxuh 414= Fkrf hqwuh ghx{ sduwlfxohv lghqwltxhv gdqv oh u�hi�huhqwlho gx fhqwuh gh pdvvh

��� wi TLt|�*@| _i t)4�i|h�t@|�L?

����� ,?L?U�i

Rq qxp�hurwh ohv sduwlfxohv gx v|vw�hph gh 4 �d Q hw rq lqwurgxlw ohv rs�hudwhxuv wudqvsrvlwlrq S��

txl �hfkdqjhqw ohv �hwdwv gh od sduwlfxoh l hw gh od sduwlfxoh m> sdu h{hpsoh/ srxu ghv sduwlfxohv
vdqv vslq/ rq d =

S���+= = = > �u�> = = = >�u� > = = =, @ �+= = = > �u� > = = = >�u�> = = =, +416,

Srxu uhp�hglhu dx sureo�hph vrxohy�h fl0ghvvxv/ rq dmrxwh dx{ d{lrphv gh od P�hfdqltxh Txdq0
wltxh oh srvwxodw vxlydqw=

Vl xq v|vw�hph frpsuhqg soxvlhxuv sduwlfxohv lghqwltxhv/ ohv vhxov yhfwhxuv g*�hwdw dffhswdeohv
vrqw fhx{ txl vrqw =

� v|p�hwultxhv/ srxu ghv sduwlfxohv gh w|sh Ervrq/

� dqwl0v|p�hwultxhv/ srxu ghv sduwlfxohv gh w|sh Ihuplrq/

txdqg rq idlw djlu o*rs�hudwhxu wudqvsrvlwlrq S�� gh ghx{ sduwlfxohv txhofrqtxhv l hw m/ vrlw

S�� m�l @ �m�l +417,

r�x � @ 4 srxu ghv ervrqv/ hw � @ �4 srxu ghv ihuplrqv1

����2 +i4@h^�it

Oh wk�hru�hph vslq~vwdwlvwltxh

Fh wk�hru�hph� idlw dssho g*xqh pdql�huh txl vhpeoh lqfrqwrxuqdeoh �d od wk�hrulh txdqwltxh uhod0
wlylvwh ghv fkdpsv2 hw �hwdeolw oh u�hvxodw vxlydqw = ohv sduwlfxohv gh vslq hqwlhu +V @ 3> 4> 5> = = =,

�`� �@�*�c ��)t� +i�� DHc .�S E�bef��
2VL�h 
@ Ui t��i| *i |i |i |h
it �?|�ihitt@?| _i +��� 6i)?4@? _@?t wit T@h|�U�*it i| *it *L�t _i *@ T�)t�^�ic +���

6i)?@4? i| 5� ì�?Mih}c �@h�tc W?|ihi_�|�L?t E�bHb��



4141 OH SRVWXODW GH V\P�HWULVDWLRQ 8

vrqw ghv ervrqv hw ohv sduwlfxohv gh vslq ghpl0hqwlhu +V @ 4@5> 6@5> = = =, vrqw ghv ihuplrqv1 Fh
u�hvxowdw q*d mdpdlv �hw�h plv hq g�hidxw h{s�hulphqwdohphqw/ pdlv fhod qh grlw sdv hpsahfkhu xq
h{s�hulphqwdwhxu lpdjlqdwli gh fkhufkhu ghv ylrodwlrqv1

Sduwlfxohv frpsrvlwhv

Vl ohv �hqhujlhv hq mhx gdqv xqh h{s�hulhqfh grqq�hh vrqw vx�vdphqw edvvhv srxu txh o*rq q*dlooh sdv

vrqghu od vwuxfwxuh frpsrvlwh gh fhwwh sduwlfxoh/ rq shxw fodvvhu fhwwh sduwlfxoh frpph ervrq
rx ihuplrq vxlydqw vrq vslq wrwdo1 Hq yrlfl txhotxhv h{hpsohv =

� Oh surwrq hw oh qhxwurq/ frpsrv�hv gh wurlv txdunv gh vslq 425/ hw hx{0pahphv gh vslq 425/

vrqw ghv ihuplrqv1

� Od sduwlfxoh �/ frpsrv�hh gh ghx{ surwrqv hw gh ghx{ qhxwurqv/ hw gh vslq qxo/ hvw xq
ervrq1

� O*dwrph g*k|gurj�hqh/ surwrq.�hohfwurq hvw xq ervrq1 Vrq �hwdw irqgdphqwdo hvw foly�h hq
ghx{ vrxv0qlyhdx{/ uhvshfwlyhphqw gh vslq 3 hw gh vslq 4 +udlh �d 54 fp,1

� O*k�holxp 6 +5h . 5s . 4q, hvw xq ihuplrq/ doruv txh o*k�holxp 7 +5h . 5s . 5q, hvw xq
ervrq1 Fhv ghx{ dwrphv/ doruv tx*lov vrqw fklpltxhphqw �htxlydohqwv/ rqw ghv frpsruwhphqw
wu�hv gl��huhqwv �d edvvh whps�hudwxuh/ hq udlvrq gh ohxuv qdwxuhv vwdwlvwltxhv rssrv�hhv1 Sdu
h{hpsoh/ o*k�holxp 7 ghylhqw vxshu�xlgh hq ghvvrxv gh 514; Nhoylqv/ doruv txh oh oltxlgh
k�holxp 6 uhvwh qrupdo/ vdxi �d wu�hv edvvh whps�hudwxuh +ploolNhoylq,1

� Soxv j�hq�hudohphqw/ srxu ghv dwrphv qhxwuhv/ f*hvw oh qrpeuh gh qhxwurqv gdqv oh qr|dx
txl g�hflgh gx fdudfw�huh ervrqltxh rx ihuplrqltxh/ sxlvtxh ohv qrpeuhv g*�hohfwurqv hw gh
surwrqv vrqw �hjdx{1

� Gdqv xq pdw�huldx vxsudfrqgxfwhxu/ ohv �hohfwurqv shxyhqw v*dssdulhu srxu iruphu ghv sdluhv
gh Frrshu/ txh o*rq shxw wudlwhu frpph ghv ervrqv1

����� �L4T@|�M�*�|�i @�iU *<�i^�@|�L? _i 5U�h�L_�?}ih

Oh exw gh sdudjudskh hvw gh prqwuhu od sursul�hw�h hvvhqwlhooh vxlydqwh = vl o*rq sduw g*xq yhfwhxu

g*�hwdw frpso�hwhphqw v|p�hwultxh rx dqwl0v|p�hwultxh hw vl rq oh odlvvh �hyroxhu vrxv o*dfwlrq gh

o*kdplowrqlhq gx v|vw�hph/ od v|p�hwulvdwlrq hvw su�hvhuy�hh1

Xq rs�hudwhxu wudqvsrvlwlrq S�� txhofrqtxh frppxwh q�hfhvvdluhphqw dyhf o*kdplowrqlhq1 Vl fh

q*�hwdlw sdv oh fdv/ lo h{lvwhudlw xq pr|hq gh glvwlqjxhu ohv sduwlfxohv fruuhvsrqgdqwhv1 Lqw�hjurqv

pdlqwhqdqw sdv �d sdv o*�htxdwlrq gh Vfku�rglqjhu1 Vl rq glvsrvh g*xq yhfwhxu g*�hwdw �d o*lqvwdqw w

txh o*rq vxssrvh v|p�hwultxh rx dqwl0v|p�hwultxh/ oh yhfwhxu g*�hwdw �d o*lqvwdqw w. gw v*�hfulw=

m#+w. gw,l @

�
4� l

K gw

�k

�
m#+w,l +418,

Rq d doruv

S�� m#+w. gw,l @

�
4� l

K gw

�k

�
S�� m#+w,l
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@

�
4� l

K gw

�k

�
�m#+w,l

@ �m#+w. gw,l +419,

Xq yhfwhxu g*�hwdw lqlwldohphqw v|p�hwultxh rx dqwl0v|p�hwultxh jdugh grqf fhwwh sursul�hw�h gxudqw

o*�hyroxwlrq kdplowrqlhqqh1

��2 �L?t|h�U|�L? _<�?i M@ti _i uL?U|�L? _<L?_i

Srxu xq v|vw�hph �d Q sduwlfxohv glvfhuqdeohv/ o*hvsdfh ghv �hwdwv hvw hqjhqgu�h �d sduwlu g*xqh edvh

gh o*hvsdfh ghv �hwdwv �d xqh sduwlfxoh E @ im�l> m�l> = = =j hq xwlolvdqw ohv yhfwhxuv =

m4 = ��> 5 = �2> = = = >Q = �� l +41:,

Vl o*hvsdfh �d xqh sduwlfxoh hvw gh glphqvlrq �qlh g/ o*hvsdfh ghv �hwdwv srxu Q sduwlfxohv glvfhu0
qdeohv d xqh glphqvlrq g� 1 Srxu ghv sduwlfxohv lghqwltxhv/ oh srvwxodw gh v|p�hwulvdwlrq u�hgxlw

frqvlg�hudeohphqw od glphqvlrq gx vrxv0hvsdfh sk|vltxhphqw dffhswdeoh1 Oh exw gh fhwwh vhfwlrq

hvw gh frqvwuxluh h{solflwhphqw xqh edvh gh fh vrxv0hvsdfh�1

��2�� �@t _i _i� T@h|�U�*it �_i?|�^�it

Frpphq�frqv sdu oh fdv vlpsoh gh ghx{ sduwlfxohv qxp�hurw�hhv 4 hw 51 Srxu ghv ervrqv/ ohv yhfwhxuv

g*�hwdwv dffhswdeohv vrqw =

m#l @
4s
5
+m4 = �> 5 = �l. m4 = �> 5 = �l, srxu �B� +41;,

rx doruv=
m#l @ m4 = �> 5 = �l +41<,

Srxu ghv ihuplrqv/ rq grlw suhqguh =

m#l @ 4s
5
+m4 = �> 5 = �l � m4 = �> 5 = �l, +4143,

hw rq d wrxmrxuv � 9@ � sxlvtxh oh yhfwhxu fl0ghvvxv vhudlw qxo vlqrq1 Fhfl frqvwlwxh xq h{hpsoh
gx sulqflsh g*h{foxvlrq gh Sdxol = ghx{ ihuplrqv lghqwltxhv qh shxyhqw ahwuh gdqv oh pahph �hwdw
txdqwltxh1

Xq fdv sduwlfxolhu lqw�huhvvdqw frqfhuqh oh fdv gh ghx{ sduwlfxohv gh vslq 425 srxu ohvtxhoohv
rq fkhufkh xq yhfwhxu g*�hwdw wrwdo vrxv od iruph =

m#l @ m#itT@Uil
 m#tT�?l +4144,

Fhwwh iruph hvw xwloh srxu wrxv ohv sureo�hphv qrq uhodwlylvwhv srxu ohvtxhov lo q*| d sdv gh p�hodqjh

hqwuh ohv yduldeohv g*hvsdfh hw ohv yduldeohv gh vslq1 Rq shxw doruv fkhufkhu xqh edvh irup�hh sdu =

��i||i tiU|�L? hiThi?_ *@ Th�iti?|@|�L? i| *it ?L|@|�L?t _i ��iU@?�^�i "�@?|�^�i WWc U�@T�|hi jWVc �� �L�i?�

A@??L�_��c �� #�� i| 6� w@*L�i�



4151 FRQVWUXFWLRQ G*XQH EDVH GH IRQFWLRQ G*RQGH :

41 xqh irqfwlrq g*hvsdfh v|p�hwultxh hw xqh irqfwlrq gh vslq dqwl0v|p�hwultxh/

51 xqh irqfwlrq g*hvsdfh dqwl0v|p�hwultxh hw xqh irqfwlrq gh vslq v|p�hwultxh1

Qrwrqv "@ hw "K ohv ghx{ irqfwlrqv g*hvsdfh1

� Vl "@ @ "K/ doruv od irqfwlrq g*hvsdfh hvw v|p�hwultxh hw oh yhfwhxu g*�hwdw wrwdo hvw =

m#l @ m4 = "@> 5 = "@l
 4s
5
+m4 = .> 5 = �l� m4 = �> 5 = .l, +4145,

Rq sdvvh grqf g*xq vrxv0hvsdfh gh g�hj�hq�huhvfhqfh 7 hq o*devhqfh gh srvwxodw gh

v|p�hwulvdwlrq/ �d xq vrxv0hvsdfh gh glphqvlrq 4 gx idlw gh fh srvwxodw1 Oh vslq wrwdo hvw 3/

sxlvtxh od irqfwlrq gh vslq fruuhvsrqg �d o*�hwdw vlqjxohw1

� Vl "@B"K/ doruv ohv ghx{ srvvlelolw�hv su�hvhqw�hhv fl0ghvvxv vrqw dxwrulv�hhv1 Rq wurxyh o*�hwdw

vlqjxohw=

m#l @ 4s
5
+m4 = "@> 5 = "Kl. m4 = "K> 5 = "@l,
 4s

5
+m4 = .> 5 = �l � m4 = �> 5 = .l, +4146,

hw ohv wurlv �hwdwv wulsohwv=

m#l @ 4s
5
+m4 = "@> 5 = "Kl� m4 = "K> 5 = "@l,


;A?
A=

m4 = .> 5.l
+m4 = .> 5 = �l. m4 = �> 5 = .l,@

s
5

m4 = �> 5 = �l
+4147,

Gdqv fh fdv/ oh srvwxodw gh v|p�hwulvdwlrq idlw sdvvhu g*xq vrxv0hvsdfh ghv �hwdwv g�hj�hq�hu�h ;
irlv �d xq vrxv0hvsdfh gh g�hj�hq�huhvfhqfh 71

Rq yrlw fodluhphqw vxu fhw h{hpsoh txh oh uaroh gx srvwxodw gh v|p�hwulvdwlrq hvw g*lqwhugluh
fhuwdlqv �hwdwv txl dxudlhqw �hw�h sk|vltxhphqw dffhswdeohv srxu ghv sduwlfxohv glvfhuqdeohv1 Hq
dxfxq fdv/ fh srvwxodw q*hvw uhvsrqvdeoh g*xqh lqwhudfwlrq hqwuh sduwlfxohv1 Rq olw sduirlv txh
_ghv ihuplrqv vh uhsrxvvhqw% hw txh _ghv ervrqv v*dwwluhqw%1 Fhfl hvw xqh irupxodwlrq udslgh
srxu xq h�hw vxewlo ol�h su�hflv�hphqw �d fhwwh uhvwulfwlrq gh o*hvsdfh ghv �hwdwv dffhvvleohv1 Qrxv hq
yhuurqv xq h{hpsoh gdqv oh sdudjudskh 416151

��2�2 �@t _i � T@h|�U�*it �_i?|�^�it

Oh jurxsh v|p�hwultxh

Od frqvwuxfwlrq gh o*hvsdfh ghv �hwdwv dffhvvleohv idlw dssho dx jurxsh v|p�hwultxh/ f*hvw0�d0gluh oh

jurxsh ghv elmhfwlrqv g*xq hqvhpeoh �d Q �ho�hphqwv vxu oxl0pahph1 Udsshorqv grqf wrxw g*derug

ohv sursul�hw�hv hvvhqwlhoohv gh fh jurxshe1

41 Fh jurxsh d Q $ �ho�hphqwv/ dssho�hv shupxwdwlrqv1

e�? TL�hh@ UL?t�*|ih *<@TTi?_�Ui _� |L4i WW _� *��hi _i �� �itt�@� TL�h T*�t _i _�i|@�*t�
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51 Wrxwh shupxwdwlrq shxw v*�hfuluh frpph xq surgxlw gh wudqvsrvlwlrqv ��� =

���+l, @ m ���+m, @ l ���+n, @ n vl n 9@ l> m +4148,

Sdu h{hpsoh/ oh f|foh � = 4$ 5$ 6$ 4 shxw v*�hfuluh = � @ �2����1

61 Rq shxw dvvrflhu �d wrxwh shupxwdwlrq � xq qrpeuh �j @ 	4/ dssho�h vljqdwxuh gh od

shupxwdwlrq/ who txh =

�
jj

� @ �j�j
� +4149,

Od vljqdwxuh gh o*lghqwlw�h hvw 4/ hw od vljqdwxuh gh wrxwh wudqvsrvlwlrq hvw �41

Frqvlg�hurqv o*hvsdfh gh Kloehuw g�hfulydqw xq hqvhpeoh gh Q sduwlfxohv1 Rq g�h�qlw doruv gdqv

fhw hvsdfh Q $ rs�hudwhxuv Sj sdu =

Sj m4 = ��> 5 = �2> = = = >Q = ��l @ m4 = �
jE��> 5 = �

jE2�> = = = >Q = �
jE��l +414:,

Rq vh frqydlqfud dlv�hphqw txh fhv rs�hudwhxuv shupxwdwlrqv vrqw xqlwdluhv +j�hq�hudohphqw sdv
khuplwlhqv, hw tx*lov y�hul�hqw SjSj� @ S

j
�
j
1 Fhwwh g�h�qlwlrq j�hq�hudolvh �d wrxwh shupxwdwlrq od

g�h�qlwlrq ghv rs�hudwhxuv wudqvsrvlwlrq S�� @ S���
grqq�hh soxv kdxw1

V|p�hwulvhxu hw dqwl0v|p�hwulvhxu

Rq g�h�qlw fhv ghx{ rs�hudwhxuv sdu =

V @
4

Q $

[

j

Sj +414;,

D @
4

Q $

[

j

�jSj +414<,

Srxu Q @ 5 sdu h{hpsoh/ rq wurxyh =

V @
4

5
+4 . S�2, D @

4

5
+4�S�2, +4153,

Rq y�hul�hud �d wlwuh g*h{huflfh ohv sursul�hw�hv vxlydqwhv =

41 V hw D vrqw khuplwlhqv1

51 SjV @ V hw SjD @ �jD

61 V hw D vrqw ghv surmhfwhxuv = V2 @ V hw D2 @ D1

71 VD @ DV @ 31

Dwwhqwlrq = lo qh idxw sdv g�hgxluh ghv ghx{ ghuql�huhv sursul�hw�hv txh V hw D vrqw ghv surmhfwhxuv

ruwkrjrqdx{1 Hq h�hw/ vdxi srxu oh fdv Q @ 5/ rq q*d sdv V .D @ 41



4151 FRQVWUXFWLRQ G*XQH EDVH GH IRQFWLRQ G*RQGH <

Irqfwlrqv g*rqgh frpso�hwhphqw v|p�hwultxhv rx dqwlv|p�hwultxhv

O*�hfulwxuh gh fhv irqfwlrqv vh idlw pdlqwhqdqw wu�hv vlpsohphqw1 Rq frpphqfh sdu qxp�hurwhu ohv

sduwlfxohv hw sdu ohv u�hsduwlu vxlydqw ohv �hwdwv fruuhvsrqgdqw �d od vlwxdwlrq sk|vltxh hqylvdj�hh =

m�l @ m4 = ��> 5 = �2> = = = >Q = �� l +4154,

Rq idlw hqvxlwh djlu vxu fh yhfwhxu o*rs�hudwhxu V srxu ghv ervrqv rx o*rs�hudwhxu D srxu ghv

ihuplrqv1 Gdqv oh vhfrqg fdv/ oh u�hvxowdw shxw vh phwwuh vrxv od iruph g*xq g�hwhuplqdqw =

Dm�l @
4

Q $

�
�
�
�
�
�
�
�
�

4 = �� 5 = �� = = = Q = ��

4 = �2 5 = �2 = = = Q = �2

= = = = = = = = = = = =

4 = �� 5 = �� = = = Q = ��

�
�
�
�
�
�
�
�
�

+4155,

Vrxv fhwwh iruph/ oh sulqflsh gh Sdxol dssduda�w fodluhphqw> g�hv tx*rq hvvdlh gh phwwuh ghx{

sduwlfxohv gdqv oh pahph �hwdw ��/ ghx{ oljqhv vrqw �hjdohv hw oh u�hvxowdw Dm�l hvw qxo/ fh txl

vljql�h txh fhwwh vlwxdwlrq q*hvw sdv dffhswdeoh sk|vltxhphqw1

Lo hvw lpp�hgldw g*dsu�hv ohv sursul�hw�hv gh V hw D yxhv fl0ghvvxv txh ohv yhfwhxuv Vm#l hw Dm#l
vrqw uhvshfwlyhphqw frpso�hwhphqw v|p�hwultxhv rx dqwl0v|p�hwultxhv hw vdwlvirqw grqf oh srvwxodw

gh v|p�hwulvdwlrq1 Lo uhvwh �qdohphqw �d qruphu oh yhfwhxu rewhqx1 Fhfl frqvwlwxh xq h{huflfh gh

g�hqrpeuhphqw vdqv gl�fxow�h1 H�hfwxrqv0oh g*derug srxu ghv ihuplrqv> rq frqylhqw g*xq ruguh

srxu ohv �hwdwv ��/ sdu h{hpsoh vxlydqw ohxu �hqhujlh = H� ? H2 ? = = =1 Rq frqvlg�huh doruv o*�hwdw

Dm�l @ Dm4 = ��> 5 = �2> = = = >Q = ��l hw rq fdofxoh vd qruph =

k�mD_
Dm�l @ k�mDm�l @

4

Q $

[

j

�jk�mSj m�l +4156,

Sxlvtxh wrxv ohv �� vrqw gl��huhqwv ohv xqv ghv dxwuhv/ wrxv ohv Sj rqw xqh frqwulexwlrq qxooh vdxi

o*lghqwlw�h1 Rq d grqf=

k�mD_
Dm�l @

4

Q $
+4157,

fh txl grqqh oh yhfwhxu g*�hwdw qrup�h srxu fh v|vw�hph =

s
Q $Dm4 = ��> 5 = �2> = = = >Q = �� l +4158,

Gdqv od vxlwh/ fh yhfwhxu vhud qrw�h m��> �2> = = = > �� l1 Rq qrwhud tx*dyhf fhwwh frqyhqwlrq/ xqh

shupxwdwlrq gh ghx{ �hwdwv fkdqjh oh vljqh gx yhfwhxu rewhqx1 Sdu h{hpsoh m��> �2> ��> = = = > ��l @

�m�2> ��> �� = = = > ��l1

Srxu ghv ervrqv/ rq udqjh ohv sduwlfxohv gdqv o*�hwdw m�l gh pdql�huh rugrqq�hh1 Ohv qk�
suhpl�huhv sduwlfxohv vrqw gdqv o*�hwdw ��/ ohv qk2 vxlydqwhv vrqw gdqv o*�hwdw �2/ hwf111=

m�l @ m 4 = ��> 5 = ��> = = = >qk� = ��
� ~} �

k�

>qk� . 4 = �2> = = = >qk� . qk2
= �2

� ~} �

k2

> = = =l +4159,

Rq d doruv

k�mV_
Vm�l @ k�mVm�l @

4

Q $

[

j

k�mSj m�l +415:,

Ghx{ srvvlelolw�hv shxyhqw vh su�hvhqwhu srxu Sj vxlydqw tx*lo odlvvh rx qrq joredohphqw lqyduldqw

ohv vrxv0hqvhpeohv i4> 5> = = = > qk�j/iqk� . 4> = = = > qk� . qk2j/111Gdqv oh suhplhu fdv/ o*�ho�hphqw gh
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pdwulfh k�mSjm�l ydxw 4/ hw lo hvw qxo gdqv oh vhfrqg fdv1 Lo | d grqf qk� $qk2 $ = = = rs�hudwhxuv

Sj d|dqw xqh frqwulexwlrq qrq qxooh/ gh vruwh txh oh yhfwhxu qrup�h frpso�hwhphqw v|p�hwultxh

v*�hfulw =v
Q $

qk� $qk2 $ = = =
Vm 4 = ��> 5 = ��> = = = >qk� = ��

� ~} �

k�

>qk� . 4 = �2> = = = >qk� . qk2
= �2

� ~} �

k2

> = = =l +415;,

Gdqv od vxlwh/ fh yhfwhxu vhud qrw�h mqk� > qk2 > = = =l/ dyhf
S

�
qk�

@ Q 1 Frqwudluhphqw dx fdv ghv

ihuplrqv/ o*ruguh ghv �� gdqv fhwwh �hfulwxuh hvw vdqv lpsruwdqfh1

��� �L?t�i^�i?Uit T�)t�^�it _� TLt|�*@| _i t)4�i|h�t@|�L?

����� �L**�t�L?t i?|hi _i� T@h|�U�*it �_i?|�^�it

Pdlqwhqdqw txh qrxv glvsrvrqv gx srvwxodw gh v|p�hwulvdwlrq/ oh sureo�hph vrxohy�h dx g�hexw gh
fkdslwuh vh u�hvrxw vlpsohphqw1 Ohv �hwdwv lqlwldx{ hw �qdov sk|vltxhphqw dffhswdeohv oruv gh od
froolvlrq gh ghx{ sduwlfxohv lghqwltxhv vrqw

4
s
5
+4 . �S�2, m4 = �s�> 5 = ��s�l 4s

5
+4 . �S�2, m4 = �ss > 5 = ��ss l +415<,

r�x � @ 4 srxu ghv ervrqv hw �4 srxu ghv ihuplrqv1 Hq lqwurgxlvdqw o*rs�hudwhxu g*�hyroxwlrq X

hqwuh o*lqvwdqw lqlwldo hw o*lqvwdqw �qdo/ o*dpsolwxgh gh suredelolw�h srxu sdvvhu gh o*�hwdw lqlwldo �d

o*�hwdw �qdo v*�hfulw =

D @ k4 = �ss > 5 = ��ss m
4 . �S�2s

5
X

4 . �S�2s
5

m4 = �s�> 5 = ��s�l +4163,

O*kdplowrqlhq gh od froolvlrq/ hw grqf o*rs�hudwhxu X / frppxwhqw dyhf S�21 Sdu frqv�htxhqw =

D @ k4 = �ss > 5 = ��ss m +4 . �S�2,X m4 = �s�> 5 = ��s�l +4164,

@ D+�s� $ �ss >��s� $��ss , . �D+�s� $��ss >��s� $ �ss , +4165,

Vxlydqw txh ohv sduwlfxohv vrqw ghv ervrqv rx ghv ihuplrqv/ lo idxw grqf dmrxwhu rx vrxvwudluh ohv

ghx{ dpsolwxghv gh suredelolw�h1 Fhwwh sursul�hw�h d ghv frqv�htxhqfhv uhpdutxdeohv1 Srxu ohv yrlu

vlpsohphqw/ qrwrqv � o*dqjoh hqwuh �s� hw �ss > gx idlw gh o*lqyduldqfh sdu urwdwlrq gx srwhqwlho

g*lqwhudfwlrq hqwuh ohv ghx{ sduwlfxohv/ o*dpsolwxgh D+�s� $ �ss >��s� $ ��ss , hvw xqh vlpsoh
irqfwlrq gh � txh qrxv qrwhurqv i+�,1 Od suredelolw�h srxu wurxyhu ohv sduwlfxohv gl�xv�hhv hq �ss /
��ss v*�hfulw grqf =

S @ mDm2 @ mi+�, . �i+� � �,m2 +4166,

Vrxv fhwwh iruph/ rq yrlw sdu h{hpsoh txh ghx{ ihuplrqv gdqv oh pahph �hwdw lqwhuqh qh shxyhqw
mdpdlv ahwuh gl�xv�hv �d �@51 Srxu ghv ervrqv/ fhwwh gl�xvlrq hvw dx frqwudluh dxjphqw�hh sdu xq
idfwhxu 5 sdu udssruw �d fh tx*hooh vhudlw srxu ghv sduwlfxohv glvfhuqdeohv +7mi+�@5,m2 dx olhx gh
5mi+�@5,m2,1 Vxu fh wk�hph/ rq olud dyhf sur�w od u�hi�huhqfh J10U1 Sodwwqhu dqg L1 Vlfn/ Hxu1 M1
Sk|v1 5/ 43< +4<;4,/ grqw hvw h{wudlwh od �jxuh 4151

D edvvh �hqhujlh/ fhwwh irupxoh +4166, d �hjdohphqw ghv frqv�htxhqfhv uhpdutxdeohv1 Hq h�hw/
txdqg ohv orqjxhxuv gh gh Eurjolh ghv sduwlfxohv ghylhqqhqw judqghv ghydqw od sruw�hh ghv sr0
whqwlhov/ rq prqwuh +hw rq oh yhuud gdqv od vxlwh gh fh frxuv, txh i+�, whqg yhuv xqh frqvwdqwh
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Iljxuh 415= Froolvlrq frxorpelhqqh hqwuh ghx{ qr|dx{ +d, ��F . �2F= sduwlfxohv glvfhuqdeohv/
+e, �2F . �2F = ervrqv gh vslq qxo lqglvfhuqdeohv/ ��F . ��F= ihuplrqv gh vslq 4@5 qrq

srodulv�hv/ srxu ohvtxhov L+�, @ +6@7,L+�,7'� . +4@7,L+�,7'f1

if/ fh txl vljql�h txh od glvwulexwlrq gh �ss hvw lvrwursh1 Rq glw txh ohv froolvlrqv vh irqw gdqv

o*rqgh v1 Rq hq g�hgxlw txh ghv ihuplrqv �d edvvh whps�hudwxuh qh vxelvvhqw soxv gh froolvlrqv/ txho

txh vrlw o*dqjoh/ doruv txh oh wdx{ gh froolvlrqv srxu ghv ervrqv hvw grxeo�h sdu udssruw dx fdv gh

sduwlfxohv glvfhuqdeohv1

Srxu �qlu/ qrwrqv txh oh srvwxodw gh v|p�hwulvdwlrq q*lqwhuylhqw sdv gdqv fh sureo�hph vl oh vslq

r�uh xq pr|hq gh glvwlqjxhu ohv sduwlfxohv1 Srxu ghv ihuplrqv gh vslq 4@5 sdu h{hpsoh/ vl o*�hwdw

lqlwldo hvw m4 = �s�>.>5 = ��s�>�l/ lo | d ghx{ �hwdwv �qdov srvvleohv glvfhuqdeohv m4 = �ss >.>5 = ��ss >�l
hw m4 = ��ss >.>5 = �ss >�l1 Vl oh srwhqwlho g*lqwhudfwlrq qh g�hshqg sdv gx vslq/ fh vslq hvw xq

_pdutxhxu% gh od wudmhfwrluh h�hfwlyhphqw vxlylh sdu od sduwlfxoh/ hw lo idxw doruv vrpphu ohv

suredelolw�hv/ hw qrq ohv dpsolwxghv/ fruuhvsrqgdqw dx{ ghx{ fkhplqv srvvleohv1

����2 W?|ih@U|�L? igiU|��i tT�?�tT�?

Qrxv doorqv idluh lfl xqh wk�hrulh wu�hv vlpsol��hh gh o*dwrph g*k�holxp/ grqw oh exw hvw gh prq0

wuhu frpphqw oh srvwxodw gh v|p�hwulvdwlrq shxw vlpxohu xqh lqwhudfwlrq vxsso�hphqwdluh hqwuh

sduwlfxohv1 Rq v�hsduh o*kdplowrqlhq gx v|vw�hph hq K @ Kf . Y dyhf

Kf @
s2
�

5p
.

s2
2

5p
�

5h2

u�
�

5h2

u2
+4167,

hw

Y @
h2

u�2
+4168,

Qrxv wudlwhurqv lfl o*lqwhudfwlrq Y hqwuh �hohfwurqv frpph xqh shwlwh shuwxuedwlrq/ fh txl q*hvw

elhq vaxu sdv mxvwl��h hq wrxwh uljxhxu sxlvtxh Y hvw d sulrul gx pahph ruguh txh Kf1 Fhwwh

dssurfkh vx�w q�hdqprlqv srxu vrxoljqhu ohv h�hwv hvvhqwlhov gx srvwxodw gh v|p�hwulvdwlrq

Lqw�huhvvrqv0qrxv srxu frpphqfhu dx{ �hwdwv sursuhv gh Kf1 O*�hwdw irqgdphqwdo hvw m4v> 4vl1
Od irqfwlrq g*rqgh vsdwldoh �hwdqw v|p�hwultxh/ fhw �hwdw hvw iruf�hphqw dqwl0v|p�hwultxh gh vslq1

Oh suhplhu qlyhdx h{flw�h fruuhvsrqg �d od frq�jxudwlrq m4v> 5vl1 G*dsu�hv fh txh qrxv dyrqv yx

fl0ghvvxv/ od g�hj�hq�huhvfhqfh gh fhwwh pxowlsolflw�h hvw 7/ xqh edvh srvvleoh �hwdqw irup�hh sdu 6 �hwdwv
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A

Bm

2J

a) b)

Iljxuh 416= +d, Srvlwlrq ghv qlyhdx{ gh od pxowlsolflw�h +4v/5v, gh o*dwrph g*k�holxp oruvtxh
o*lqwhudfwlrq �hohfwurvwdwltxh hqwuh �hohfwurqv hvw sulvh hq frpswh shuwxuedwlyhphqw1 +e, Fh txl
vh sdvvhudlw hq o*devhqfh gx sulqflsh gh Sdxol1

v|p�hwultxhv gh vslq hw xq �hwdw dqwl0v|p�hwultxh gh vslq =

mDl � 4s
5
+m4 = 4v> 5 = 5vl. m4 = 5v> 5 = 4vl,
 mV @ 3>p @ 3l +4169,

mE6l � 4s
5
+m4 = 4v> 5 = 5vl � m4 = 5v> 5 = 4vl,
 mV @ 4>pl p @ 3>	4 +416:,

Fkhufkrqv pdlqwhqdqw o*h�hw gh Y dx suhplhu ruguh gdqv fhwwh pxowlsolflw�h1 Frpph Y qh
idlw sdv lqwhuyhqlu oh vslq/ lo hvw fodlu txh Y hvw gldjrqdo gdqv od edvh grqq�hh fl0ghvvxv1 Soxv
su�hflv�hphqw/ rq wurxyh =

kDmY mDl @ N . M +416;,

kE6mY mE6l @ N � M +416<,

r�x rq d lqwurgxlw ohv ghx{ whuphv/ dssho�hv uhvshfwlyhphqw lqw�hjudoh gluhfwh hw lqw�hjudoh

g*�hfkdqjh =

N @

] ]
m!�r+�u�,m

2m!2r+�u2,m
2
g
�
u� g

�
u2 +4173,

M @
] ]

!W
�r
+�u�,!2r+�u�,!

W

2r
+�u2,!�r+�u2, g

�u� g�u2 +4174,

Fhv ghx{ whuphv vrqw srvlwliv/ vl elhq txh ohv qlyhdx{ D hw E6 vrqw wrxv ohv txdwuh g�hsodf�hv
yhuv oh kdxw +�jxuh +4161d,,1 Oh qlyhdx D hvw dx0ghvvxv ghv qlyhdx{ E6/ o*�hfduw 5M �hwdqw gh
o*ruguh gh 31; hY1 Fhw ruguh vh frpsuhqg vlpsohphqw = gdqv oh qlyhdx D/ txl d xqh irqfwlrq
g*rqgh vsdwldoh v|p�hwultxh/ ohv ghx{ �hohfwurqv shxyhqw vh wurxyhu dx pahph hqgurlw/ hw od u�hsxovlrq
�hohfwurvwdwltxh Y d xq h�hw soxv pdutx�h txh srxu ohv qlyhdx{ E6 srxu ohvtxhov ohv ghx{ �hohfwurqv
rqw xqh ghqvlw�h gh suredelolw�h qxooh gh vh wurxyhu dx pahph hqgurlw1

Rq uhqg vrxyhqw frpswh gh fhwwh ohy�hh gh g�hj�hq�huhvfhqfh hqwuh D hw E6 sdu xqh lqwhudfwlrq
h�hfwlyh vslq0vslq hq N � M@5 � 5M�V�=�V2@�k

2 txl folyh hooh dxvvl od pxowlsolflw�h g*ruguh 7 hq

ghx{ qlyhdx{/ o*�hwdw V @ 3 �hwdqw g�hsodf�h gh N . M hw ohv V @ 4> p @ 3>	4 gh N � M1 F*hvw
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hq sduwlfxolhu xqh whooh lqwhudfwlrq h�hfwlyh txl hvw xwlolv�hh srxu wudlwhu pdwk�hpdwltxhphqw oh
ihuurpdjq�hwlvph/ gdqv ghv prg�hohv w|sh Lvlqj1 Lo lpsruwh q�hdqprlqv gh jdughu �d o*hvsulw txh
o*ruljlqh sk|vltxh gx folydjh q*hvw sdv xqh lqwhudfwlrq pdjq�hwltxh hqwuh vslqv +hooh h{lvwh/ pdlv
hvw ehdxfrxs soxv idleoh,/ pdlv xqh lqwhudfwlrq �hohfwurvwdwltxh1

Lo idxw �hjdohphqw elhq frpsuhqguh oh uaroh gx srvwxodw gh v|p�hwulvdwlrq gdqv fhwwh ohy�hh gh
g�hj�hq�huhvfhqfh hqwuh D hw ohv E61 Fh q*hvw sdv oh srvwxodw gh v|p�hwulvdwlrq txl suryrtxh oh

g�hsodfhphqw ghv qlyhdx{/ sxlvtxh/ frpph qrxv o*dyrqv lqgltx�h soxv kdxw/ fh srvwxodw q*hvw sdv

uhvsrqvdeoh g*xqh lqwhudfwlrq vxsso�hphqwdluh hqwuh sduwlfxohv1 Vdqv oh srvwxodw gh v|p�hwulvdwlrq/

rq vhudlw sduwl g*xqh pxowlsolflw�h gh glphqvlrq ;/ hqjhqgu�hh sdu =

im4 = 4v> 5 = 5vl
 m��> �2l> m4 = 5v> 5 = 4vl 
 m��> �2lj +4175,

r�x ohv �� @ 	4 vrqw ohv yduldeohv gh vslq1 O*dfwlrq gh Y gdqv fhwwh pxowlsolflw�h hvw g�hfulwh sdu

xqh pdwulfh ;� ;/ txl hvw gldjrqdoh sdu eorfv dyhf 7 vrxv pdwulfhv 5� 5/ sxlvtxh Y qh shxw sdv

frqqhfwhu ghx{ �hwdwv gh vslq k��> �2m hw m��

�
> �

�

2
l gl��huhqwv1 Fkdtxh pdwulfh 5� 5 ydxw

#
N M

M N

$
+4176,

grqw ohv ydohxuv sursuhv vrqw N . M hw N � M1 Sdu frqv�htxhqw o*dfwlrq gh Y hvw gh folyhu od
pxowlsolflw�h lqlwldoh g*ruguh ;/ hq ghx{ vrxv0pxowlsolflw�hv g*ruguh 7 g�hsodf�hhv gh N 	 M +�jxuh
4161e,1 Oh srvwxodw gh v|p�hwulvdwlrq d hx srxu uaroh gh vxssulphu 6 �hwdwv gdqv xqh gh fhv vrxv0
pxowlsolflw�hv +fhooh hq N . M, hw xq �hwdw gdqv o*dxwuh +fhooh hq N � M,1

����� w<�i4�tt�L? t|�4�*�ii

Frqvlg�hurqv pdlqwhqdqw od gl�xvlrq sdu xq srwhqwlho h{w�hulhxu g*xqh sduwlfxoh lqlwldohphqw gdqv

xq �hwdw l1 D sduwlu gh o*rs�hudwhxu g*�hyroxwlrq x �d xqh sduwlfxoh/ rq fdofxoh o*dpsolwxgh gh sur0

edelolw�h =

D
E��
�s
@ ki mxmll +4177,

srxu txh od sduwlfxoh vrlw dsu�hv gl�xvlrq gdqv xq �hwdw i 9@ l1 Od txhvwlrq txh qrxv derugrqv lfl
hvw gh vdyrlu frpphqw hvw prgl��hh fhwwh dpsolwxgh gh suredelolw�h vl Q sduwlfxohv lghqwltxhv �d od
sduwlfxoh gl�xv�hh vrqw g�hm�d su�hvhqwhv gdqv o*�hwdw i +�jxuh 417,1 Rq v*lqw�huhvvh grqf dx surfhvvxv =

4 sduwlfxoh hq l . Q sduwlfxohv hq i �$ Q . 4 sduwlfxohv hq i +4178,

Lo hvw fodlu txh fhwwh txhvwlrq q*d gh vhqv txh srxu ghv ervrqv1 Hooh vh u�hvrxw hq qxp�hurwdqw
ohv sduwlfxohv/ sxlv hq v|p�hwulvdqw fruuhfwhphqw o*�hwdw lqlwldo hw o*�hwdw �qdo =

m��l @

4s
Q . 4

+m4 = l> 5 = i > = = = >Q . 4 = il. = = =. m4 = i > 5 = i > = = = >Q . 4 = ll, +4179,

m�s l @ m4 = i > 5 = i > = = = >Q . 4 = il +417:,

O*dpsolwxgh gh suredelolw�h hvw doruv grqq�hh sdu k�s mX m��l r�x X hvw o*rs�hudwhxu g*�hyroxwlrq srxu

ohv Q . 4 sduwlfxohv1 Gdqv o*k|srwk�hvh r�x ohv sduwlfxohv vrqw vdqv lqwhudfwlrq/ fhw rs�hudwhxu hvw

vlpsohphqw oh surgxlw ghv rs�hudwhxuv �d xqh sduwlfxoh = X @ x
E��

x

E2�

 = = =
x

E�n��1 Ohv Q .4
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i

f

N

Iljxuh 417= _Hplvvlrq% vwlpxo�hh +rx wudqvihuw vwlpxo�h, g*xq ervrq gdqv xq �hwdw g�hm�d rffxs�h1

frpsrvdqwhv gh m��l rqw od pahph frqwulexwlrq hw o*dpsolwxgh gh suredelolw�h hvw grqf grqq�hh

sdu =

D
E�n��
�s

@

s
Q . 4 D

E��
�s

+417;,

r�x rq d vxssrv�h txh oh srwhqwlho gl�xvli srxydlw ahwuh wudlw�h shuwxedwlyhphqw gh vruwh txh D
E��
ss *

4>

Od suredelolw�h gh gl�xvlrq gh l yhuv i hvw grqf pxowlsol�hh sdu xq idfwhxu Q .41 Hq g*dxwuhv

whuphv/ �d od suredelolw�h g*dyrlu xqh gl�xvlrq _vsrqwdq�hh% gh l yhuv i +suredelolw�h mD
E��
�s m2,/ ylhqw

v*dmrxwhu xqh suredelolw�h Q irlv soxv judqgh/ fruuhvsrqgdqw �d xqh gl�xvlrq _vwlpxo�hh% sdu ohv Q

sduwlfxohv g�hm�d su�hvhqwhv1 Fh sk�hqrp�hqh gh gl�xvlrq rx g*�hplvvlrq vwlpxo�hh mrxh xq uaroh hvvhqwlho

hq sk|vltxh gx ud|rqqhphqw> f*hvw oxl txl hvw �d od edvh gx odvhu/ hq idyrulvdqw o*�hplvvlrq gh

skrwrqv vxsso�hphqwdluhv gdqv xq prgh gx fkdps �hohfwurpdjq�hwltxh txl frqwhqdqw g�hm�d ghv

skrwrqv1

Srxu ghv ihuplrqv/ rq shxw �hfuluh xqh h{suhvvlrq vlplodluh hq srvdqw mD�s m2 @ +4�Q,mD
E��
�s m2/

dyhf Q @ 3 rx 4 fh txl h{sulph txh od suredelolw�h g*doohu yhuv o*�hwdw i hvw qxooh vl fhw �hwdw hvw
g�hm�d rffxs�h +Q @ 4,1

����e 5|@|�t|�^�it ^�@?|�^�it

Frqvlg�hurqv xq v|vw�hph gh Q sduwlfxohv vdqv lqwhudfwlrq/ frq�q�hhv gdqv xqh era�wh gh yroxph
Y hw hq frqwdfw dyhf xq wkhuprvwdw �d whps�hudwxuh W 1 Oh qrpeuh gh sduwlfxohv gdqv xq �hwdw m�l
grqq�h v*�hfulw =

qk @ h{s

�
�

H@ � �

nW

�
+417<,

srxu od vwdwlvwltxh gh Erow}pdqq hw

qk @
4

h{s
�
.@3>
&A

�

 4

� srxu ghv ervrqv/ . srxu ghv ihuplrqv/ +4183,
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srxu ohv vwdwlvwltxhv gh Ervh hw gh Ihupl1 Oh srwhqwlho fklpltxh � hvw g�hwhuplq�h hq �hfulydqw txh

oh v|vw�hph frqwlhqw Q sduwlfxohv =

Q @
[

k

qk +4184,

Fhwwh h{suhvvlrq shxw vh mxvwl�hu vlpsohphqw vl o*rq idlw xq elodq g�hwdloo�h ghv froolvlrqv gdqv
oh jd}1 Frqvlg�hurqv 7 lpsxovlrqv �s�> �s2> �s �

�
> �s �

2
whoohv txh =

�s� . �s2 @ �s �

�
. �s �

2

s2
�

5p
.

s2
2

5p
@

s �

�

2

5p
.

s �

2

2

5p
+4185,

gh vruwh txh ohv froolvlrqv=

�s� . �s2 �$ �s �

�
. �s �

2
+4186,

�s �

�
. �s �

2 �$ �s� . �s2 +4187,

vrqw shuplvhv1 D o*�htxloleuh/ lo grlw | dyrlu dxwdqw gh froolvlrqv gdqv oh vhqv +4186, txh gdqv oh vhqv
+4187,1 Srxu xq jd} gh Erow}pdqq/ gdqv ohtxho lo q*| d dxfxq sk�hqrp�hqh g*�hplvvlrq vwlpxo�hh/
fhfl lpsrvh

qOR� qOR2 @ qOR �

�
qOR �

2
+4188,

Srxu vdwlvidluh fhwwh �hjdolw�h txho txh vrlw oh txdguxsohw �s�> �s2> �s
�

�
> �s �

2
y�hul�dqw +4185,/ rq shxw

prqwuhu tx*lo idxw =

qOR @ } h{s+��H, H @
s2

5p

r�x � hw } @ hq> vrqw ghv sdudp�hwuhv txh o*rq �{h �d sduwlu gx qrpeuh gh sduwlfxohv hw gh o*�hqhujlh
pr|hqqh gx jd}1

Frqvlg�hurqv pdlqwhqdqw xq jd} gh ervrqv1 Gx idlw ghv surfhvvxv g*�hplvvlrq vwlpxo�hh/ od
suredelolw�h g*xqh froolvlrq gdqv oh vhqv +4186, vhud sursruwlrqqhooh �d =

qOR� qOR2 +4 . qOR �

�
, +4 . qOR �

2
,

Srxu oh vhqv +4187,/ rq wurxyhud gh pahph xqh suredelolw�h sursruwlrqqhooh �d =

qOR �

�
qOR �

2
+4 . qOR�, +4 . qOR2,

Oh elodq g�hwdloo�h lpsrvh doruv =

qOR� qOR2 +4 . qOR �

�
, +4 . qOR �

2
, @ qOR �

�
qOR �

2
+4 . qOR�, +4 . qOR2,

vrlw
qOR�

4 . qOR�

qOR2

4 . qOR2

@
qOR �

�

4. qOR �

�

qOR �

2

4. qOR �

2

grqw od vroxwlrq hvw frpph srxu +4188, =

qOR

4. qOR

@ } h{s+��H,

rx hqfruh =

qOR @
4

}3�hq. � 4



49 FKDSLWUH 41 SDUWLFXOHV LGHQWLTXHV HQ P�HFDQLTXH TXDQWLTXH

Ef

Iljxuh 418= Uhpsolvvdjh ghv �hwdwv �d W @ 3 srxu xq jd} gh Ihupl

txl q*hvw dxwuh txh od orl gh Ervh0Hlqvwhlq1 Fhwwh orl hvw grqf xqh frqv�htxhqfh gluhfwh gh od

frqmrqfwlrq ghv sk�hqrp�hqhv g*�hplvvlrq vwlpxo�hh hw vsrqwdq�hh1 Gh pahph/ hq suhqdqw hq frpswh

oh idfwhxu 4�Q wurxy�h dx sdudjudskh su�hf�hghqw srxu ghv ihuplrqv/ rq wurxyh gluhfwhphqw od orl
gh Ihupl0Gludf1

D kdxwh whps�hudwxuh/ srxu xqh ghqvlw�h � @ Q@Y �{�hh/ o*lq�xhqfh gh od vwdwlvwltxh txdqwltxh
hvw shx lpsruwdqw1 Rq shxw prqwuhu txh oh 	4 txl �jxuh dx g�hqrplqdwhxu gh +4183, mrxh xq
uaroh q�hjoljhdeoh fdu oh srwhqwlho fklpltxh whqg yhuv �41 Rq uhwurxyh doruv xqh vwdwlvwltxh gh
Erow}pdqq = qk 2 h{s+�Hk@nW,1

D edvvh whps�hudwxuh/ o*h�hw gh od vwdwlvwltxh hvw dx frqwudluh hvvhqwlho1 Srxu ghv ihuplrqv/ �d
W @ 3/ lo | d uhpsolvvdjh gh wrxv ohv qlyhdx{ glvsrqleohv mxvtx*�d xqh ydohxu g*�hqhujlh qrw�hh Hs /
oh qlyhdx gh Ihupl +�jxuh 418,1 Od ydohxu gh o*�hqhujlh Hs shxw ahwuh frqvlg�hudeoh> srxu oh p�hwdo
vrglxp sdu h{hpsoh/ rq wurxyh Hs @ 6 hY/ txh o*rq dvvrflhudlw/ gdqv oh fdguh g*xqh vwdwlvwltxh
gh Erow}pdqq/ �d xqh whps�hudwxuh W @ 69333 Nhoylqv1 Oh sulqflsh gh Sdxol d ghv frqv�htxhqfhv
pxowlsohv/ txl yrqw gh od sk|vltxh ghv p�hwdx{ hw ghv vhpl0frqgxfwhxuv mxvtx*�d od vwdelolw�h ghv
�hwrlohv hq �q gh ylh/ frpph ohv �hwrlohv _qdlqhv eodqfkhv%/ frpsrv�hhv g*xq sodvpd g*�hohfwurqv
hw gh qr|dx{/ rx ohv �hwrlohv �d qhxwurqv1 Flwrqv hqfruh od vwdelolw�h � ghv qr|dx{ = doruv tx*xq
qhxwurq lvro�h hvw lqvwdeoh +q $ s . h . �� dyhf xqh gxu�hh gh ylh gh o*ruguh gh 48 plqxwhv,/ lo
ghylhqw vwdeoh gdqv xq qr|dx fdu oh surwrq irup�h gdqv od g�hvlqw�hjudwlrq ghyudlw doohu vh phwwuh
vxu xq qlyhdx g*�hqhujlh g�hm�d rffxs�h1

Srxu ghv ervrqv/ xqh frqv�htxhqfh vshfwdfxodluh gh od vwdwlvwltxh txdqwltxh hvw od frqghqvd0
wlrq gh Ervh~Hlqvwhlq1 Vl od ghqvlw�h ghv sduwlfxohv � @ Q@Y hvw whooh txh

���

A
A 5=945 �A @

k
s
5�pnW

+4189,

lo vh surgxlw xqh dffxpxodwlrq pdfurvfrsltxh gh sduwlfxohv gdqv o*�hwdw irqgdphqwdo gh od era�wh
frq�qdqw ohv sduwlfxohv1 Hq g*dxwuhv whuphv/ txdqg rq suhqg od olplwh wkhuprg|qdpltxh Q>Y $
4/ od whps�hudwxuh W hw od ghqvlw�h � uhvwdqw frqvwdqwhv/ od sursruwlrq g*dwrphv gdqv o*�hwdw
irqgdphqwdo qf@Q whqg yhuv xqh frqvwdqwh qrq qxooh1 Vdqv idluh od g�hprqvwudwlrq h{solflwh lfl
+hooh �jxuh gdqv wrxv ohv frxuv gh pda�wulvh gh sk|vltxh vwdwlvwltxh,/ lqgltxrqv txdolwdwlyhphqw
o*ruljlqh gx sk�hqrp�hqh1 Wrxw g*derug/ uhpdutxrqv tx*�d whps�hudwxuh uljrxuhxvhphqw qxooh/ oh
u�hvxowdw hvw lghqwltxh �d fhoxl gh od vwdwlvwltxh gh Pd{zhoo0Erow}pdqq1 F*hvw �d whps�hudwxuh qrq
qxooh txh oh sk�hqrp�hqh hvw uhpdutxdeoh1 Srxu frpsuhqguh txdolwdwlyhphqw fhw dvshfw ju�hjdluh
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gx frpsruwhphqw ghv ervrqv/ frqvlg�hurqv ghx{ �hwdwv dffhvvleohv gh pahph �hqhujlh/ xq �hwdw r�x

wrxwhv ohv sduwlfxohv vrqw vxu oh pahph qlyhdx �f/ qrw�h m�f> = = = > �fl/ hw xq dxwuh �hwdw r�x ohv Q

sduwlfxohv vrqw gdqv ghv �hwdwv gl��huhqwv m��> ===> �� l1 Gdqv od vwdwlvwltxh gh Erow}pdqq/ fhv ghx{

�hwdwv rqw xq srlgv wu�hv gl��huhqwv fdu oh vhfrqg hvw d�hfw�h g*xq idfwhxu Q $ = sdu h{hpsoh/ ohv ghx{

u�hdolvdwlrqv m4 = ��> 5 = �2> = = =l hw m4 = �2> 5 = ��> = = =l vrqw srvvleohv1 Gdqv od vwdwlvwltxh gh Ervh0
Hlqvwhlq dx frqwudluh/ fhv ghx{ �hwdwv rqw fkdfxq xq srlgv 41 Ohv �hwdwv r�x soxvlhxuv sduwlfxohv vh
wurxyhqw vxu oh pahph qlyhdx vrqw grqf wu�hv idyrulv�hv gdqv od vwdwlvwltxh gh Ervh~Hlqvwhlq sdu
udssruw �d od vwdwlvwltxh gh Erow}pdqq1

Mxvtx*dx prlv gh mxlq 4<<8/ o*h{hpsoh kdelwxho gh frqghqvdw gh Ervh0Hlqvwhlq �hwdlw o*k�holxp
vxshu�xlgh1 Q�hdqprlqv ohv lqwhudfwlrqv lpsruwdqwhv txl suhqqhqw sodfh dx vhlq gx oltxlgh uhqghqw
oh wudlwhphqw txdqwlwdwli gh od wudqvlwlrq vxshu�xlgh wu�hv frpsoh{h hw uhodwlyhphqw �horljq�h gh od
wk�hrulh vlpsoh gh od frqghqvdwlrq g*xq jd} sduidlw1 Sdu h{hpsoh/ od iudfwlrq g*dwrphv frqghqv�hv
qh g�hsdvvh sdv 43 ( doruv tx*hooh ghyudlw dwwhlqguh 433 ( gdqv xq jd} sduidlw �d whps�hudwxuh
qxooh1

Rq glvsrvh g�hvrupdlv g*h{s�hulhqfhv phq�hhv vxu ghv jd} dwrpltxhv xowud0iurlgv +433 qN,
sl�hj�hv gdqv xq sl�hjh pdjq�hwltxhD +�jxuh 419,1 Rq u�hdolvh dyhf ghv erelqhv rx ghv dlpdqwv
shupdqhqwv xq plqlpxp orfdo gh m �Em1 Ohv dwrphv/ txl sruwhqw xq prphqw pdjq�hwltxh ��/ vrqw

su�hsdu�hv gdqv xq �hwdw who txh �� vrlw dqwl0sdudoo�hoh �d �E1 Vl ohv dwrphv qh erxjhqw sdv wurs

ylwh/ �� hw �E yrqw uhvwhu dqwl0sdudoo�hohv dx frxuv gx prxyhphqw ghv dwrphv gdqv oh fkdps1

Vrxv fhwwh frqglwlrq/ oh srwhqwlho pdjq�hwltxh ���= �E @ m��m=m �Em whqg �d frq�qhu ohv dwrphv dx

yrlvlqdjh gx plqlpxp gx fkdps1 Ohv dwrphv vrqw lqlwldohphqw su�hsdu�hv gdqv xq sl�hjh pdjq�hwr0

rswltxh/ sxlv wudqvi�hu�hv gdqv xq sl�hjh pdjq�hwltxh1 Lov vrqw uhiurlglv mxvtx*�d od frqghqvdwlrq sdu

uhiurlglvvhphqw �hydsrudwli> fh uhiurlglvvhphqw frqvlvwh �d �holplqhu ohv dwrphv ohv soxv �hqhuj�hwltxhv

srxu qh frqvhuyhu txh ohv dwrphv ohv soxv ohqwv/ ohv froolvlrqv hqwuh dwrphv sl�hj�hv u�hwdeolvvdqw hq

shupdqhqfh o*�htxloleuh wkhuprg|qdpltxh1 Hq sduwdqw gh 43b dwrphv/ rq duulyh dlqvl �d surgxluh

dsu�hv �hydsrudwlrq xqh vlwxdwlrq r�x ohv 43S dwrphv uhvwdqwv vrqw txdvlphqw wrxv gdqv o*�hwdw

irqgdphqwdo gx sl�hjh kduprqltxh/ �hyhqwxhoohphqw prgl��h sdu ohv lqwhudfwlrqv1 Rq dwwhqg srxu

fh v|vw�hph ghv sursul�hw�hv gh frk�huhqfh idvflqdqwhv/ dqdorjxhv �d fhoohv gh od oxpl�huh odvhu/ gdqv

odtxhooh wrxv ohv skrwrqv vrqw vwrfn�hv gdqv oh pahph prgh g*xqh fdylw�h �hohfwurpdjq�hwltxh1 Vrq

�hwxgh frqvwlwxh xq ghv grpdlqhv gh uhfkhufkh ohv soxv dfwliv gh fhv ghuql�huhv dqq�hhv1

DVL�h ��O� �?_ihtL? i| @*c 5U�i?Ui 2Sbc �bH E�bbD� TL�h *@ Thi4�
ihi h�i@*�t@|�L? i T�ih�4i?|@*ic i| 6� #@*uL�L
i| @*c +i��i�t Lu �L_ih? ��)t�Utc VL*� .�c �L� �c �Th�* �bbbc TL�h �?i hi��i h�iUi?|i�
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Iljxuh 419= +d, Glvwulexwlrq hq lpsxovlrq g*xq jd} gh ervrqv dx ghvvxv/ dx yrlvlqdjh/ hw hq
ghvvrxv gx vhxlo gh frqghqvdwlrq gh Ervh0Hlqvwhlq1 Srxu od wurlvl�hph lpdjh/ od pdmhxuh sduwlh
ghv dwrphv +uxelglxp, hvw dffxpxo�hh gdqv o*�hwdw irqgdphqwdo gx sl�hjh pdjq�hwltxh frq�qdqw oh
jd}1 +e, Iudfwlrq frqghqv�hh hq irqfwlrq gh od whps�hudwxuh phvxu�hh sdu udssruw �d od whps�hudwxuh
fulwltxh> fhwwh frxueh/ rewhqxh dyhf xq frqghqvdw gh � 43

D dwrphv gh vrglxp/ hvw h{wudlwh gh M1

U1 Hqvkhu hw do/ Sk|v1 Uhy1 Ohww1 ::/ 7<;7 +4<<9,1



��@T�|hi 2

w@ tiUL?_i ^�@?|��U@|�L?

Oh srvwxodw gh v|p�hwulvdwlrq o�hyh wrxwh dpeljxlw�h vxu ohv v|vw�hphv frpsruwdqw ghv sduwlfxohv

lghqwltxhv1 Q�hdqprlqv ohv fdofxov lpsoltxdqw ghv irqfwlrqv g*rqgh v|p�hwulv�hhv rx dqwl0v|p�hwul0

v�hhv vrqw shx frpprghv �d phqhu1 Frqvlg�hurqv sdu h{hpsoh oh fdofxo gh od ydohxu pr|hqqh gdqv

xq �hwdw grqq�h g*xq rs�hudwhxu _�d xqh sduwlfxoh% =

I @

�[

�'�

iE�� +514,

O*rs�hudwhxu iE�� djlw vhxohphqw vxu od l��hph sduwlfxoh> fh shxw ahwuh vrq �hqhujlh flq�hwltxh s2
�
@5p

sdu h{hpsoh1 Fhwwh ydohxu pr|hqqh k#mI m#l frqwlhqw d sulrul Q $�Q �Q $ whuphv vl rq suhqg

srxu # o*h{suhvvlrq v|p�hwulv�hh rewhqxh dx fkdslwuh txl su�hf�hgh1 Pahph vl ehdxfrxs gh whuphv
vrqw qxov/ oh fdofxo dssduda�w elhq frpsoh{h111

Oh exw gh fh fkdslwuh hvw gh su�hvhqwhu xq irupdolvph uhqgdqw fhv fdofxov ehdxfrxs soxv
wudqvsduhqwv/ hw shuphwwdqw hq soxv gh wudlwhu ohv sureo�hphv r�x oh qrpeuh gh sduwlfxohv ydulh
+devruswlrq rx �hplvvlrq gh skrwrqv/ gh skrqrqv/111,1

2�� w<itT@Ui _i 6LU! G Uh�i@|�L? i| @??���*@|�L? _i T@h|�U�*it

2���� #�i�?�|�L?

Fhw hvsdfh H vh g�h�qlw frpph od vrpph gluhfwh ghv hvsdfhv gh Kloehuw �d qrpeuh gh sduwlfxohv

�{�h =

H @ H
Ef�
� H

E��
� H

E2�
� = = =� H

E��
� = = = +515,

� O*hvsdfh HEf� hvw sdu k|srwk�hvh xq hvsdfh gh glphqvlrq 4/ hqjhqgu�h sdu xq yhfwhxu qrw�h
m3l hw dssho�h ylgh gh sduwlfxohv1 Lo qh idxw sdv oh frqirqguh dyhf oh yhfwhxu qxo> oh ylgh hvw

xq �hwdw qrup�h sduidlwhphqw uhvshfwdeoh = k3m3l @ 41

� O*hvsdfh HE�� hvw o*hvsdfh �d xqh sduwlfxoh hqjhqgu�h sdu od edvh Kloehuwlhqqh qrw�hh E @

im�l> m�l> = = =j1

4<
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� O*hvsdfh H
E�� hvw o*hvsdfh �d Q sduwlfxohv hqjhqgu�h sdu ohv irqfwlrqv frpso�hwhphqw

v|p�hwultxhv rx frpso�hwhphqw dqwl0v|p�hwultxhv g�h�qlhv dx fkdslwuh su�hf�hghqw =

mqk> qq> = = =l 2 Vm4 = �> = = =l srxu ghv ervrqv +516,

m�> �> = = =l 2 Dm4 = �> 5 = � = = =l srxu ghv ihuplrqv +517,

+dwwhqwlrq = m�>�> �> = = =l @ �m�>�>�> = = =l

2���2 �T�ih@|i�ht Uh�i@|�L? i| @??���*@|�L? TL�h _it MLtL?t

Fhv rs�hudwhxuv fu�hhqw rx g�hwuxlvhqw xqh sduwlfxoh gdqv xq �hwdw � gh od edvh E1 Fhv rs�hudwhxuv

irqw grqf sdvvhu gh q*lpsruwh txho hvsdfh HE�� �d o*hvsdfh H
E����

dyhf ohv �ho�hphqwv gh pdwulfh

vxlydqwv =

d> = H
E��

�$ H
E�3��

d>mqk> qq > = = = > q>> = = =l @

s
q>mqk> qq > = = = > q> � 4> = = =l vl q> 9@ 3 +518,

@ 3 vl q> @ 3 +519,

srxu o*rs�hudwhxu ghvwuxfwlrq hw

d
_
>
= H E��

�$ H
E�n��

d
_
>mqk> qq > = = = > q>> = = =l @

t
q> . 4mqk> qq > = = = > q> . 4> = = =l +51:,

srxu o*rs�hudwhxu fu�hdwlrq1 Ohv su�hidfwhxuv
s
q> hw

s
q> . 4 shuphwwhqw xqh vlpsol�fdwlrq

frqvlg�hudeoh gdqv o*�hfulwxuh ghv rs�hudwhxuv/ frpph qrxv oh yhuurqv soxv orlq1

Lo hvw vlpsoh gh y�hul�hu txh d> hw d_
>
vrqw frqmxjx�hv khuplwlhqv/ frpph fhwwh �hfulwxuh oh odlvvh

vxssrvhu1 Sdu dloohxuv/ lov y�hul�hqw ohv uhodwlrqv gh frppxwdwlrq wu�hv lpsruwdqwhv =

^d>> dD ` @ 3 ^d_
>
> d_

D
` @ 3 ^dD > d

_
>
` @ �>D +51;,

G�hprqwurqv sdu h{hpsoh od wurlvl�hph gh fhv uhodwlrqv hq fdofxodqw o*dfwlrq vxu ohv yhfwhxuv gh

edvh1 Vl � 9@ �/ rq d=

d
_
>
dD m = = = > q>> qD > = = =l @ d

_
>

s
qD m = = = > q>> qD � 4> = = =l

@

t
+q> . 4,qD m = = = > q> . 4> qD � 4> = = =l

@ dDd
_
>m = = = > q>> qD > = = =l +51<,

Vl � @ � =

d
_
>
d>m = = = > q>> = = =l @ d

_
>

s
q>m = = = > q> � 4> = = =l

@ q>m = = = > q>> = = =l +5143,

d>d
_
>m = = = > q>> = = =l @ d>

t
q> . 4m = = = > q> . 4> = = =l

@ +q> . 4,m = = = > q>> = = =l +5144,

Sdu gl��huhqfh/ rq uhwurxyh elhq od uhodwlrq fkhufk�hh1

Qrwrqv txh d_
>m#l q*hvw mdpdlv qxo vl m#l hvw qrq qxo1 Hq h�hw/ vd qruph v*�hfulw =

mmd_
>
m#lmm2 @ k#md>d

_
>
m#l @ k#md_

>
d>m#l. k#m#l @ mmd>m#lmm2 . mm m#lmm2 +5145,

Hq whuphv sk|vltxhv/ lo hvw wrxmrxuv srvvleoh gh fu�hhu ghv ervrqv gdqv xq �hwdw grqq�h1
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2���� �T�ih@|i�ht Uh�i@|�L? i| @??���*@|�L? TL�h _it uih4�L?t

Fhv rs�hudwhxuv vh g�h�qlvvhqw g*xqh pdql�huh dqdorjxh �d fh txh qrxv dyrqv idlw srxu ghv ervrqv/

dyhf wrxwhirlv xqh o�hj�huh frpsolfdwlrq ol�hh �d o*lpsruwdqfh gh o*ruguh gdqv ohtxho dssdudlvvhqw ohv

gl��huhqwv �� oruv gh o*�hfulwxuh g*xq yhfwhxu g*�hwdw =

d> = HE��
�$ H

E�3��

d>m�>�> �> = = =l @ m�>�> = = =l +5146,

d>m�> �> = = =l @ 3 vl � q*hvw sdv shxso�h +5147,

srxu o*rs�hudwhxu ghvwuxfwlrq hw

d
_
>

= H
E��

�$ H
E�n��

d
_
>m�>�> = = =l @ m�> �> �> = = =l vl � q*hvw sdv shxso�h +5148,

d_>m�> �> = = = > �> = = =l @ 3 +5149,

srxu o*rs�hudwhxu fu�hdwlrq1 Od ghuql�huh oljqh shuphw gh suhqguh hq frpswh vlpsohphqw oh sulqflsh
gh Sdxol = frqwudluhphqw dx fdv ghv ervrqv/ lo q*hvw sdv srvvleoh gh fu�hhu xqh sduwlfxoh gdqv xq
�hwdw � vl fhw �hwdw hvw g�hm�d rffxs�h1

Lfl hqfruh/ rq y�hul�hud txh d> hw d_
>
vrqw frqmxjx�hv khuplwlhqv1 Ohv uhodwlrqv gh frppxwdwlrq

wurxy�hhv srxu ghv ervrqv ghylhqqhqw pdlqwhqdqw ghv uhodwlrqv g*dqwl0frppxwdwlrq� =

^d>> dD `n @ 3 ^d_
>
> d

_
D
`
n
@ 3 ^dD > d

_
>
`
n
@ �>D +514:,

r�x rq d srv�h ^D>E`
n
@ DE .ED1 G�hprqwurqv od wurlvl�hph gh fhv uhodwlrqv = Vl � 9@ �/ lo idxw

uhjdughu o*dfwlrq gh dDd
_
>

hw d
_
>
dD vxu xq �hwdw frqwhqdqw xqh sduwlfxoh gdqv � hw qh frqwhqdqw

sdv gh sduwlfxoh gdqv �/ vlqrq rq wurxyh 3 =

d
_
>
dD m�>�> �> = = =l @ d_>m�> �> = = =l @ m�>�> �> = = =l +514;,

dDd
_
>m�>�> �> = = =l @ dD m�> �> �> �> = = =l @ �dD m�> �>�> �> = = =l @ �m�>�> �> = = =l +514<,

vrlw d_
>
dD .dDd

_
>
@ 3 vl � 9@ �1 Vl � @ �/ uhjdugrqv o*dfwlrq gh d_

>
d> hw d>d

_
>
vxu ohv yhfwhxuv dyhf

xqh sduwlfxoh gdqv o*�hwdw �/ sxlv vxu ohv yhfwhxuv srxu ohtxho o*�hwdw � hvw ylgh1 Rq wurxyh gdqv oh

suhplhu fdv =

d
_
>
d>m�> �> �> = = =l @ d_>m�> �> = = =l @ m�>�> �> = = =l +5153,

d>d
_
>m�> �> �> = = =l @ 3 +5154,

hw gdqv oh vhfrqg fdv =

d
_
>
d>m�> �> = = =l @ 3 +5155,

d>d
_
>m�> �> = = =l @ d>m�>�> �> = = =l @ m�>�> = = =l +5156,

Gdqv ohv ghx{ fdv rq wurxyh d>d
_
>
. d

_
>
d> @ 4/ fh txl g�hprqwuh od uhodwlrq g*dqwl0frppxwdwlrq

dqqrqf�hh1

��i TL�?| u�| ?L|�i TL�h *@ Thi4�
ihi uL�t T@h aLh_@? i| `�}?ihc ~� ��)t�!c e.c S�� E�b2H�
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2���e +i4@h^�it

� O*rs�hudwhxu d_>d> hvw dssho�h rs�hudwhxu qrpeuh gh sduwlfxohv gdqv o*�hwdw �1 Hq h�hw/ lo hvw

lpp�hgldw g*dsu�hv fh txl su�hf�hgh txh vhv yhfwhxuv sursuhv vrqw ohv �hwdwv srxu ohvtxhov oh

qrpeuh gh sduwlfxohv gdqv o*�hwdw � hvw elhq g�h�ql/ od ydohxu sursuh fruuhvsrqgdqwh �hwdqw

su�hflv�hphqw fh qrpeuh1 Fhfl hvw ydodeoh dxvvl elhq srxu ohv ervrqv txh ohv ihuplrqv1

� Xq rs�hudwhxu �hjdohphqw wu�hv xwloh hvw o*rs�hudwhxu qrpeuh wrwdo gh sduwlfxohv =

aQ @
[

>

d
_
>
d> +5157,

� Vljqdorqv hq�q frpphqw frqvwuxluh xq �hwdw grqq�h �d sduwlu gx ylgh1 Rq d =

mqk> qq> = = =l @

+d_
k
,?k+d_

q
,?q = = =

s
qk$qq $ = = =

m3l srxu ghv ervrqv +5158,

m�>�> = = =l @ d_
k
d
_
q
= = = m3l srxu ghv ihuplrqv +5159,

2���D w<LT�ih@|i�h U�@4T

Qrxv dyrqv yx gdqv oh sdudjudskh txl su�hf�hgh frpphqw fu�hhu rx g�hwuxluh xqh sduwlfxoh gdqv xq
�hwdw grqq�h g*xqh edvh Kloehuwlhqqh1 Lo hvw �hjdohphqw srvvleoh gh g�h�qlu xq rs�hudwhxu gh fu�hdwlrq
rx gh ghvwuxfwlrq gdqv xq �hwdw grqq�h g*xqh edvh frqwlqxh1 O*h{hpsoh oh soxv xwloh hvw o*rs�hudwhxu
fkdps �+�u, txl g�hwuxlw xqh sduwlfxoh dx srlqw �u/ hw vrq frqmxjx�h �_+�u, txl fu�hh xqh sduwlfxoh
hq fh srlqw1

Od frqvwuxfwlrq gh fhw rs�hudwhxu fkdps vh idlw vlpsohphqw �d sduwlu ghv d>1 Rq xwlolvh oh

g�hyhorsshphqw gh m�ul vxu od edvh im�lj=

m�ul @

#[
>

m�lk�m

$
m�ul @
[

>

�
W+�u,m�l +515:,

O*rs�hudwhxu �_+�u, djlvvdqw vxu oh ylgh grlw fu�hhu xq �hwdw �d xqh sduwlfxoh orfdolv�hh hq �u1 Rq hvw
grqf frqgxlw �d =

�_+�u,m3l @
[

>

�
W+�u,d_

>m3l +515;,

vrlw

�_+�u, @
[

>

�
W+�u,d_

>
+515<,

�+�u, @
[

>

�+�u,d> +5163,

Ohv uhodwlrqv gh frppxwdwlrq gh o*rs�hudwhxu fkdps vh g�hgxlvhqw vlpsohphqw ghv uhodwlrqv
wurxy�hhv srxu ohv d> =

^�+�u,>�+�u �,`En� @ 3 ^�_+�u,>�_+�u �,`En� @ 3 ^�+�u,>�_+�u �,`En� @ �+�u � �u
�, +5164,
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G�hprqwurqv sdu h{hpsoh od wurlvl�hph uhodwlrq =

^�+�u,>�_+�u �,`En� @
[

�c�

��+�u,�
W

� +�u
�,^d>�

> d
_
>�

`En�

@
[

�c�

��+�u,�
W

� +�u
�,���

@ k�um

#[
�

m��lk��m

$
m�u �l @ �+�u � �u

�, +5165,

2�2 wit LT�ih@|i�ht i? tiUL?_i ^�@?|��U@|�L?

O*lqwurgxfwlrq ghv rs�hudwhxuv fu�hdwlrq hw dqqlklodwlrq yd shuphwwuh gh grqqhu ghv h{suhvvlrqv

uhpdutxdeohphqw vlpsohv srxu ohv rs�hudwhxuv djlvvdqw gdqv o*hvsdfh gh Kloehuw g�hfulydqw xq

hqvhpeoh gh sduwlfxohv lghqwltxhv1 Fh irupdolvph hvw dssho�h vhfrqgh txdqwl�fdwlrq srxu xqh

udlvrq txl vhud su�hvhqw�hh hq {5161

2�2�� , Thitt�L? }�i?�ih@*i _it LT�ih@|i�ht 
@ �?i i| _i� T@h|�U�*it

Qrxv frqvlg�huhurqv gdqv fh sdudjudskh ohv ghx{ w|shv g*rs�hudwhxuv ohv soxv iu�htxhqwv/ ohv

rs�hudwhxuv �d xqh sduwlfxoh =

I @

�[

�'�

iE�� +5166,

frpph o*�hqhujlh flq�hwltxh/ rx o*�hqhujlh srwhqwlhooh gdqv xq fkdps gh irufhv h{w�hulhxuhv/ hw ohv
rs�hudwhxuv �d ghx{ sduwlfxohv =

J @
4

5

[

�c�E��'��

j
E�c�� +5167,

frpph o*�hqhujlh gxh dx{ lqwhudfwlrqv elqdluhv hqwuh ohv sduwlfxohv gx v|vw�hph1 Fhv rs�hudwhxuv
vrqw fdudfw�hulv�hv sdu ohxuv �ho�hphqwv gh pdwulfh gdqv od edvh Kloehuwlhqqh =

iqk @ k�mi m�l j�Bkq @ k4 = �> 5 = �mjE�c2�m4 = �> 5 = �l +5168,

Frqvlg�hurqv o*dfwlrq gh I vxu xq yhfwhxu frpso�hwhphqw v|p�hwultxh rx frpso�hwhphqw dqwl0
v|p�hwultxh/ fruuhvsrqgdqw �d xq �hwdw �d Q sduwlfxohv1 Gdqv fh txl vxlw/ qrxv wudlwhurqv h{sol0
flwhphqw oh fdv ghv ervrqv/ pdlv oh fdv ghv ihuplrqv vh u�hvrxw gh od pahph pdql�huh1 Rq sduw
gh

I mqk� > = = =l @

v
Q $

qk� $ = = =

IVm4 = ��> = = = >Q = �� l +5169,

r�x ohv �hwdwv ��> = = = > �� �jxudqw dx ghx{l�hph phpeuh shxyhqw ahwuh gl��huhqwv rx lghqwltxhv1

O*rs�hudwhxu I hvw v|p�hwultxh ylv �d ylv gh wrxwh shupxwdwlrq gh sduwlfxohv hw lo frppxwh dyhf V

rx D1 Sdu frqv�htxhqw =

I mqk� > = = =l @

v
Q $

qk� $ = = =

�[

�'�

Vi E��m4 = ��> = = = > l = ��> = = =l +516:,
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Qrxv uhpsod�frqv iE�� sdu vrq h{suhvvlrq =

iE�� @
[

kcq

iqck ml = �lkl = �m +516;,

fh txl grqqh =

I mqk� > = = =l @
[

kcq

iqk

�[

�'�

�kck�

v
Q $

qk� $ = = =qk�
$ = = =

Vm4 = ��> = = = > l = �> = = =l +516<,

Od qrupdolvdwlrq ghv �hwdwv v|p�hwulv�hv grqqh gdqv oh fdv � 9@ � =

�kck�

v
Q $

qk� $ = = =qk�
$ = = =

Vm4 = ��> = = = > l = �> = = =l @ �kck�

s
qq . 4
s
qk

m = = = > qk � 4> qq . 4> = = =l +5173,

hw srxu oh fdv � @ �=

�kck�

v
Q $

qk� $ = = =qk�
$ = = =

Vm4 = ��> = = = > l = �> = = =l @ �kck�
m = = = > qk> = = =l +5174,

Fh whuph dssduda�w qk irlv gdqv od vrpph vxu l> sdu frqv�htxhqw =

I mqk� > = = =l @
[

kcqEk�'q�

iqk

t
qk+qq . 4,m = = = > qk � 4> qq . 4> = = =l.

[

k

qkikckm = = = > qk> = = =l +5175,

Vrxv fhwwh iruph/ lo dssduda�w fodluhphqw txh o*rs�hudwhxu I shxw hqfruh v*�hfuluh =

I @
[

kcq

iqk d
_
q
dk +5176,

F*hvw od vlpsolflw�h gh fhwwh iruph txl mxvwl�h ohv fkrl{ txh qrxv dyrqv idlwv oruv gh od g�h�qlwlrq

ghv rs�hudwhxuv fu�hdwlrq hw dqqlklodwlrq1

Od g�hprqvwudwlrq txh qrxv dyrqv idlwh vh j�hq�hudolvh dx fdv ghv rs�hudwhxuv �d ghx{ sduwlfxohv

srxu grqqhu =

J @
4

5

[

kcqc�cB

j�Bkq d
_
�d

_
B
dqdk +5177,

Fhv ghx{ h{suhvvlrqv srxu I hw J vrqw ydodeohv srxu ohv ervrqv hw ohv ihuplrqv1

2�2�2 , i4T*it

Srxu ghv sduwlfxohv q*lqwhudjlvvdqw sdv hqwuh hoohv/ o*kdplowrqlhq gx v|vw�hph hvw xqh vrpph

g*rs�hudwhxuv �d xqh sduwlfxoh =

K @
[

�

k
E�� +5178,

Rq fkrlvlw doruv iu�htxhpphqw od edvh sursuh gh k frpph edvh m�l/ gh vruwh txh o*kdplowrqlhq
v*�hfulw hq vhfrqgh txdqwl�fdwlrq =

K @
[

k

�kd
_
k
dk +5179,
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r�x �k hvw od ydohxu sursuh dvvrfl�hh dx yhfwhxu sursuh m�l gh k1 O*lqwhusu�hwdwlrq gh fh u�hvxowdw

hvw wu�hv vlpsoh = o*�hqhujlh wrwdoh hvw rewhqxh hq frpswdqw oh qrpeuh gh sduwlfxohv vxu fkdtxh

qlyhdx m�l hw hq pxowlsoldqw fh qrpeuh sdu o*�hqhujlh dvvrfl�hh dx qlyhdx1 Dlqvl/ srxu xq jd} gh

sduwlfxohv frq�q�hhv gdqv xqh era�wh gh yroxph O�
/ rq xwlolvhud =

Kf @
[

OR

s
2

5p
d
_
OR
dOR +517:,

r�x dOR g�hwuxlw xqh sduwlfxoh gdqv o*�hwdw _rqgh sodqh% h
�OR�Oo*7�@

s
O�1

Srxu xq v|vw�hph gh sduwlfxohv hq lqwhudfwlrq elqdluh/ rq d xq whuph g*�hqhujlh g*lqwhudfwlrq =

Y @
4

5

[

�c�E��'��

y+m�u� � �u� m, +517;,

Hfulyrqv o*h{suhvvlrq gh fhw rs�hudwhxu hq vhfrqgh txdqwl�fdwlrq/ hq xwlolvdqw ohv rs�hudwhxuv dOR
lqwurgxlwv fl0ghvvxv1 Lo idxw fdofxohu =

Y�Bkq @ YOR�OReOR�OR2 @ k4 = �s�> 5 = �semy+m�u� � �u2m,m4 = �s�> 5 = �s2l

@

�
4
s
O�

�
e ] ]

g
�
u� g

�
u2 h

�EOR�3OR���Oo�
h
�EOR23ORe��Oo2

y+m�u� � �u2m, +517<,

O*lqw�hjudoh v*h�hfwxh vlpsohphqw hq sdvvdqw dx{ yduldeohv ol�hhv dx fhqwuh gh pdvvh hw dx prx0

yhphqw uhodwli =

�U @
�u� . �u2

5
�u @ u� � �u2 +5183,

O*lqw�hjudoh vxu �U vh vlpsol�h hq =

]
g
�
U h

�EOR�nOR23OR�3ORe�� O-*7�
@ O

� �+�s� . �s2 � �s� � �se, +5184,

r�x �+�s, @ 4 vl �s @ 3 hw 3 vl �s 9@ 31 Fhfl h{sulph od frqvhuydwlrq oruv gh o*lpsxovlrq = ohv sduwlfxohv

dyhf o*lpsxovlrq �s� hw �s2 glvsdudlvvhqw hw hoohv vrqw uhpsodf�hhv sdu ghx{ sduwlfxohv g*lpsxovlrq

�s� hw �se/ dyhf �s�. �s2 @ �s�. �se1 Hq srvdqw �t @ �s���s� @ �s2� �se/ o*lqw�hjudoh vxu �u idlw dssduda�wuh

od wudqvirup�hh gh Irxulhu gx srwhqwlho g*lqwhudfwlrq y+�u,=

�y+�t , @
]

g�u h
3�Ô�Oo*7�

y+�u , @
7��k

t

]
"

f

u vlq+tu@�k,y+u, gu +5185,

O*h{suhvvlrq uhfkhufk�hh hvw grqf=

Y @
4

5O�

[

OR�cOR2cÔ

�y+t, d
_
OR�nÔ

d
_
OR23Ô

dOR2 dOR� +5186,

Vrq vhqv sk|vltxh hvw elhq fodlu = rq vrpph vxu wrxwhv ohv lpsxovlrqv �s�> �s2 su�hvhqwhv gdqv
oh v|vw�hph1 Fhv dwrphv vxelvvhqw xqh froolvlrq gdqv odtxhooh od txdqwlw�h gh prxyhphqw �t hvw
wudqvi�hu�hh hqwuh ohv ghx{ sduwlfxohv/ o*dpsolwxgh gh suredelolw�h srxu tx*xq wudqvihuw gh prgxoh t

vxuylhqqh �hwdqw sursruwlrqqhooh �d od wudqvirup�hh gh Irxulhu gx srwhqwlho g*lqwhudfwlrq �d od ydohxu
t1
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D edvvh whps�hudwxuh/ ohv lpsxovlrqv �t txl frqwulexhqw gh pdql�huh vljql�fdwlyh rqw xq prgxoh
shwlw +�t2 �pn�W ,1 Txdqg fh prgxoh pr|hq �t hvw who txh �te� 4/ r�x e hvw od sruw�hh gx srwhqwlho/
o*�ho�hphqw gh pdwulfh �y+t, qh g�hshqg sudwltxhphqw soxv gh t/ hw rq shxw oh uhpsodfhu sdu �y+3, =

Y @
�y+3,

5O�

[

OR� cOR2 cÔ

d
_
OR�nÔ

d
_
OR23Ô

dOR2 dOR� +5187,

Fhwwh dssur{lpdwlrq/ glwh dssur{lpdwlrq gh Eruq �d edvvh whps�hudwxuh/ uhylhqw �d wudlwhu oh
srwhqwlho y+�u, frpph xq srwhqwlho gh frqwdfw/ y+�u, @ j �+u,/ dyhf j @ �y+3,1

Fhwwh dssur{lpdwlrq gh y+�u, hq srwhqwlho gh frqwdfw j �+�u, vh j�hq�hudolvh dx fdv gh srwhqwlhov
qrq u�hjxolhuv hq �u @ 3/ rx hqfruh dx fdv gh srwhqwlhov wurs iruwv srxu txh o*rq sxlvvh uhpsodfhu
_iurlghphqw% �y+t, sdu �y+3,1 Od txdqwlw�h j hvw doruv grqq�hh sdu j @ 7��k2d@p/ r�x d hvw od orqjxhxu

gh gl�xvlrq gx srwhqwlho +yrlu sdu h{hpsoh N1 Kxdqj/ Vwdwlvwlfdo Sk|vlfv,1

2�2�� N|�*�t@|�L? _i *<LT�ih@|i�h U�@4T

O*rs�hudwhxu fkdps lqwurgxlw gdqv od vhfwlrq su�hf�hghqwh shuphw gh grqqhu xqh h{suhvvlrq wu�hv
dju�hdeoh ghv rs�hudwhxuv hq vhfrqgh txdqwl�fdwlrq1

Frpphq�frqv sdu g�hwhuplqhu o*rs�hudwhxu ghqvlw�h pr|hqqh hq xq srlqw �uf1 Gdqv o*hvsdfh �d

xqh sduwlfxoh/ fhw rs�hudwhxu hvw vlpsohphqw m�uflk�ufm1 Oh sdvvdjh �d od vhfrqgh txdqwl�fdwlrq vh

idlw vxlydqw od u�hjoh wurxy�hh fl0ghvvxv srxu grqqhu =

�+�uf, @
[

kcq

k�m�uflk�ufm�ld_qdk @
[

kcq

�W+�uf,�+�uf,d
_
q
dk +5188,

vrlw =
�+�uf, @ �_+�uf,�+�uf, +5189,

O*rs�hudwhxu qrpeuh gh sduwlfxohv/ g�hwhuplq�h hq +5157,/ shxw doruv vh u�h�hfuluh=

aQ @
]
g
�u �+�u, @

]
g�u �_+�u,�+�u, +518:,

Soxv j�hq�hudohphqw/ ohv rs�hudwhxuv �d xqh sduwlfxoh shxyhqw vh phwwuh vrxv od iruph =

�[

�'�

y+�u�, �$
]

g
�
u �

_+�u,y+�u,�+�u, +518;,

srxu ohv revhuydeohv w|sh _�hqhujlh srwhqwlhooh% hw

�[

�'�

s
2

�

5p
�$

�k
2

5p

]
g
�
u �u�

_+�u,=�u�+�u, +518<,

srxu o*revhuydeoh �hqhujlh flq�hwltxh1 Od g�hprqvwudwlrq gh fhv ghx{ lghqwlw�hv/ wu�hv vlpsoh/ hvw

odlvv�hh hq h{huflfh dx ohfwhxu1

Hq fh txl frqfhuqh ohv rs�hudwhxuv �d ghx{ sduwlfxohv/ rq wurxyh gh pahph=

[

�c�E��'��

y+�u� � �u�, �$
] ]

g
�
u g

�
�u

�
�

_+�u,�_+�u �,y+�u � �u
�,�+�u �,�+�u, +5193,



5161 OLHQ DYHF OD WK�HRULH GHV FKDPSV 5:

Iljxuh 514= Yduldwlrq dyhf m�u � �u �m gh od irqfwlrq gh fruu�hodwlrq qrupdolv�hh k�+�u>�u �,l@�2
f
/ srxu

xq jd} sduidlw gh Ervh rx gh Ihupl1

Dlqvl srxu oh srwhqwlho gh frqwdfw j �+�u,/ rq d

[

�c�E��'��

y+�u� � �u�, �$ j

]
g
�
u

�
�

_+�u,
�
2

+�+�u,,2

Xq rs�hudwhxu �d ghx{ sduwlfxohv vrxyhqw xwloh srxu fdudfw�hulvhu od u�hsduwlwlrq ghv sduwlfxohv
dx vhlq g*xq plolhx pdw�hulho hvw o*rs�hudwhxu _fruu�hodwlrq hq srvlwlrq%/ grqw od ydohxu pr|hqqh
grqqh od suredelolw�h gh phvxuhu xqh sduwlfxoh dx srlqw �u hw xqh dxwuh dx srlqw �u �1 Fhw rs�hudwhxu

vh g�hgxlw gh o*rs�hudwhxu �d ghx{ sduwlfxohv m4 = �u> 5 = �u �lk4 = �u> 5 = �u �m hw rq wurxyh =

�+�u>�u �, @ �_+�u,�_+�u �,�+�u �,�+�u, +5194,

D wlwuh g*h{hpsoh/ rq d uhsu�hvhqw�h vxu od �jxuh +514, od yduldwlrq gh �+�u>�u �,@�2
f
dyhf od glvwdqfh

u
��
@ m�u � �u �m srxu xq jd} sduidlw gh ervrqv hw gh ihuplrqv srodulv�hv/ gh ghqvlw�h �f/ �d gl��huhqwhv

whps�hudwxuhv21 D whps�hudwxuh qxooh/ od irqfwlrq gh fruu�hodwlrq srxu ohv ihuplrqv su�hvhqwh xq wurx

hq u
��
@ 3/ gax dx sulqflsh gh Sdxol = lo hvw lpsrvvleoh gh wurxyhu ghx{ ihuplrqv dx pahph hqgurlw $

Od odujhxu w|sltxh gx wurx hvw �k@s8 r�x s8 @
s
5pH8 hvw o*lpsxovlrq gh Ihupl1 Srxu ghv ervrqv

�d whps�hudwxuh qxooh/ od irqfwlrq gh fruu�hodwlrq hvw sodwh> wrxv ohv ervrqv vrqw gdqv o*�hwdw �s @ 3

hw lo q*| d sdv gh fruu�hodwlrq hqwuh hx{1 Fhv fruu�hodwlrqv dssdudlvvhqw �d soxv kdxwh whps�hudwxuh1

Dx0ghvvxv gh od whps�hudwxuh gh frqghqvdwlrq gh Ervh0Hlqvwhlq/ od irqfwlrq gh fruu�hodwlrq ydxw

5 hq u�� @ 3/ sxlv g�hfura�w yhuv 4 vxu xqh glvwdqfh grqq�hh sdu od orqjxhxu g*rqgh wkhupltxh

�_� @ k@
s
5�pnW 1 Ohv ohfwhxuv rswlflhqv srxuurqw udssurfkhu fh frpsruwhphqw gh o*h�hw gh

jurxshphqw gh skrwrqv gdqv xqh vrxufh oxplqhxvh wkhupltxh +h�hw Kdqexu|0Eurzq hw Wzlvv�,/
xq odvhu prqrfkurpdwltxh �hwdqw txdqw �d oxl wu�hv surfkh g*xq jd} gh Ervh �d whps�hudwxuh qxooh1

2�� w�i? @�iU *@ |��iLh�i _it U�@4Tt

Od g�h�qlwlrq ghv rs�hudwhxuv d>> d
_
>
d �hw�h jxlg�hh sdu oh vrxfl gh vlpsol�hu dx pd{lpxp gdqv fh

irupdolvph ohv h{suhvvlrqv ghv rs�hudwhxuv frpph I rx J1 Ghx{ txhvwlrqv uhvwhqw q�hdqprlqv

hq vxvshqv1 Wrxw g*derug oh ohfwhxu dxud vaxuhphqw qrw�h o*dqdorjlh iruphooh hqwuh fhv rs�hudwhxuv

2�i||i �}�hi it| |�h�ii _i *@ |�
iti _i _LU|Lh@| _<�� �Lh�Uic �@h�tc �bbD�
�+� O@?M�h)��hL�? @?_ +�"� A��ttc �@|�hi �..c 2. E�bDS��
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d>> d
_
>
hw fhx{ txl lqwhuylhqqhqw gdqv od txdqwl�fdwlrq gx prxyhphqw g*xq rvfloodwhxu kdupr0

qltxh> fhwwh dqdorjlh hvw0hooh iruwxlwhB Hqvxlwh o*dsshoodwlrq _vhfrqgh txdqwl�fdwlrq% srxu od
surf�hgxuh txh qrxv dyrqv vxlylh hvw srxu oh prlqv p|vw�hulhxvh1 Srxu �hfodluflu fhv ghx{ srlqwv/
frpphq�frqv sdu xq o�hjhu g�hwrxu/ txl frqvlvwh �d g�hwhuplqhu o*�hyroxwlrq whpsruhooh ghv rs�hudwhxuv
fu�hdwlrq0dqqlklodwlrq hw gh o*rs�hudwhxu fkdps1

2���� ,�L*�|�L? |i4TLhi**i _i *<LT�ih@|i�h U�@4T

Frqvlg�hurqv xq v|vw�hph gh sduwlfxohv lqg�hshqgdqwhv hq prxyhphqw gdqv xq srwhqwlho Y +�u,1
O*kdplowrqlhq �d xqh sduwlfxoh v*�hfulw grqf =

k @
s
2

5p
. Y +�u, +5195,

Rq qrwh frpph su�hf�hghpphqw m�l ohv �hwdwv sursuhv gh fhw kdplowrqlhq hw �k$k ohv �hqhujlhv

sursuhv dvvrfl�hhv = #
�

�k2

5p
�. Y +�u,

$
�+�u, @ �k$k�+�u, +5196,

O*kdplowrqlhq hq vhfrqgh txdqwl�fdwlrq hvw grqf =

K @
[

k

�k$k d
_
k
dk +5197,

Sod�frqv qrxv hq srlqw gh yxh gh Khlvhqehuj hw uhjdugrqv vxffhvvlyhphqw o*�hyroxwlrq g*xq dk

grqq�h/ sxlv gh o*rs�hudwhxu fkdps �+�u ,1 Rq d wrxw g*derug =

bdk @
l

�k
^K>dk` @ l

[

q

$q ^d_
q
dq > dk` @ l$k^d

_
kdk> dk` @ �l$dk +5198,

Fhwwh uhodwlrq hvw ydodeoh txh o*rq dlw �d idluh �d ghv ervrqv rx ghv ihuplrqv1

Srxu o*rs�hudwhxu fkdps �+�u ,/ rq wurxyh doruv =

C�

Cw
+�u> w, @

[
�+�u , bdk @ �l

[

k

�+�u ,$kdk +5199,

Rq uhpsodfh pdlqwhqdqw $k�+�u, sdu vd ydohxu wlu�hh gh +5196, =

C�

Cw
+�u> w, @

4

l�k

[

k

#
�

�k
2

5p
�. Y +�u,

$
�+�u ,dk +519:,

rx hqfruh =

l�k
C�

Cw
+�u> w, @

#
�

�k
2

5p
�. Y +�u,

$
�+�u> w, +519;,

Rq wurxyh grqf txh o*rs�hudwhxu fkdps vdwlvidlw xqh �htxdwlrq iruphoohphqw lghqwltxh �d
o*�htxdwlrq gh Vfku�rglqjhu �d xqh sduwlfxoh1 Lo qh idxw wrxwhirlv sdv frqirqguh ohv ghx{ srlqwv gh
yxh1 Gdqv o*�htxdwlrq gh Vfku�rglqjhu wudglwlrqqhooh/ #+�u, hvw xqh irqfwlrq �d ydohxuv frpsoh{hv>
dx frqwudluh/ o*�htxdwlrq wurxy�hh lfl sruwh vxu xq rs�hudwhxu1
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Q�hdqprlqv od vlplodulw�h hqwuh o*�htxdwlrq gh Vfku�rglqjhu hw +519;, hvw surirqgh1 O*�htxdwlrq
+519;, dxudlw sx ahwuh rewhqxh �d sduwlu gh o*�htxdwlrq gh Vfku�rglqjhu frqvlg�hu�hh frpph g�hfulydqw
o*�hyroxwlrq g*xq fkdps fodvvltxh/ dx pahph wlwuh txh ohv �htxdwlrqv gh Pd{zhoo g�hfulyhqw
o*�hyroxwlrq ghv fkdpsv fodvvltxhv �H hw �E1 Fh fkdps gh Vfku�rglqjhu #/ rx ohv fkdpsv �H hw
�E/ vrqw hqvxlwh txdqwl��hv hw oh u�hvxowdw hvw xq rs�hudwhxu fkdps gh Vfku�rglqjhu +l1h1 o*rs�hudwhxu

� rewhqx fl0ghvvxv/ vdwlvidlvdqw +519;,, rx ghv rs�hudwhxuv
a�H hw

a�E1 Od surf�hgxuh j�hq�hudoh srxu od
txdqwl�fdwlrq g*xq fkdps vruw gx fdguh gh fh frxuv1 Hooh vhud su�hvhqw�hh hq g�hwdlo gdqv oh frxuv
g*D1 Frpwhwe1 D wlwuh g*h{hpsoh/ qrxv su�hvhqwrqv gdqv oh sdudjudskh vxlydqw ohv judqghv oljqhv

gh fhwwh txdqwl�fdwlrq srxu oh fkdps vfdodluh g�hfulydqw ohv yleudwlrqv g*xqh frugh yleudqwh1

2���2 "�@?|��U@|�L? _� 4L��i4i?| _<�?i ULh_i ��Mh@?|i

Frqvlg�hurqv xqh frugh gh orqjxhxu O/ gh whqvlrq � hw gh pdvvh olq�hltxh �1 Fhwwh frugh/ whqgxh oh
orqj gh o*d{h R}/ shxw yleuhu gdqv oh sodq {R}> rq vh olplwh lfl dx{ shwlwv �hfduwv sdu udssruw �d
o*d{h R} +�jxuh 515,1 O*�hwdw gh od frugh �d xq lqvwdqw grqq�h hvw fdudfw�hulv�h sdu od irqfwlrq {+}> w,/
txl hvw xq fkdps vfdodluh �d xqh glphqvlrq1 O*dqjoh gh od wdqjhqwh �d od frugh dyhf o*d{h R} hvw =

�+}> w, @
C{

C}
+519<,

hw rq vxssrvh �+}> w, � 41 Od uhodwlrq irqgdphqwdoh gh od g|qdpltxh dssoltx�hh �d xq �ho�hphqw
fhqwu�h hq } hw gh orqjxhxu �} grqqh =

� �}
C2{

Cw2
@ �

�
�

�
} .

�}

5

�
� �

�
} �

�}

5

��
@ � �}

C�

C}
+51:3,

Rq hq g�hgxlw o*�htxdwlrq g*rqgh =

�
C2{

Cw2
@ �

C2{

C}2
+51:4,

fruuhvsrqgdqw �d xqh ylwhvvh gh sursdjdwlrq f @
s

�@�1

Rq shxw lghqwl�hu o*�hqhujlh flq�hwltxh hw o*�hqhujlh srwhqwlhooh gh od frugh yleudqwh1 O*�hqhujlh

flq�hwltxh gh o*�ho�hphqw �} frqvlg�hu�h soxv kdxw ydxw �

2
� �}

�
Y%

Y|

�
2

> o*�hqhujlh flq�hwltxh wrwdoh hvw

grqf =

HS+w, @
�

5

]
u

f

�
C{

Cw

�
2

g} +51:5,

O*�hqhujlh srwhqwlhooh vh fdofxoh �d sduwlu gh o*doorqjhphqw gh od frugh =

HR+w, @ ��O @ �

]
u

f

t
4. �

2+}> w,g} � �O *
�

5

]
u

f

�
C{

C}

�2

g} +51:6,

Srxu txdqwl�hu fh prxyhphqw vhorq ohv u�hjohv/ lo idxgudlw g�hwhuplqhu od ghqvlw�h gh Odjudqjlhq
gx v|vw�hph hw lghqwl�hu ohv yduldeohv fdqrqltxhv1 Fhwwh surf�hgxuh vhud su�hvhqw�hh dyhf wrxwh od
uljxhxu txl frqylhqw gdqv oh frxuv gh wk�hrulh ghv fkdpsv> lfl/ qrxv qrxv frqwhqwhurqv gh wudydloohu
sdu dqdorjlh/ hq prqwudqw o*�htxlydohqfh hqwuh oh prxyhphqw gh od frugh hw fhoxl g*xqh dvvhpeo�hh

e�L�h *@ ^�@?|��U@|�L? _� U�@4T _i 5U�h�L_�?}ihc �? Ti� _�i*�U@|ic L? TL�hh@ UL?t�*|ih *i *��hi _i w� 5U��gc

"�@?|�4 �iU�@?�Ut�
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O L

z

x(z,t)

Iljxuh 515= Prxyhphqw g*xqh frugh yleudqwh1

g*rvfloodwhxuv kduprqltxhv lqg�hshqgdqwv1 Srxu fhod/ g�hfrpsrvrqv oh prxyhphqw gh od frugh
vhorq vhv prghv sursuhv =

{+}> w, @

u
5

O

[
&

vlq+n}, [&+w, +51:7,

Ohv frqglwlrqv dx{ olplwhv {+3> w, @ {+O> w, @ 3 lpsrvhqw nO@� hqwlhu srvlwli1 Od ylwhvvh gh od
frugh dx srlqw } v*�hfulw =

y+}> w, @

u
5

O

[
&

vlq+n}, Y&+w, +51:8,

dyhf =
Y&+w, @ b[&+w, +51:9,

O*�htxdwlrq gx prxyhphqw gh od frugh hvw dyhf fhv qrwdwlrqv =

� bY&+w, @ ��n
2
[&+w, +51::,

Rq yrlw frpph dqqrqf�h txh od g|qdpltxh gh od frugh vh udp�hqh dx prxyhphqw g*xqh
dvvhpeo�hh lq�qlh g*rvfloodwhxuv kduprqltxhv lqg�hshqgdqwv> �d fkdtxh prgh n gh yleudwlrq gh od
frugh hvw dvvrfl�h xq rvfloodwhxu gh iu�htxhqfh $& @ fn1 Fhwwh lqwhusu�hwdwlrq vh frq�uph txdqg rq
h{sulph ohv �hqhujlhv flq�hwltxh hw srwhqwlhoohv hq irqfwlrq ghv [& hw ghv Y& =

HS @
�

5

]
u

f

5

O

[

&c&�

vlqn} vlqn
�
} Y&+w,Y&�+w, @

�

5

[

&

Y
2

&
+w, +51:;,

HR @
�

5

]
u

f

5

O

[

&c&�

nn
� frv n} frv n�

} [&+w,[&�+w, @
�

5

[

&

n
2
[

2

&
+w, +51:<,

vrlw

H @
[

&

4

5
�Y 2

&
.

4

5
n
2
�[

2

&
+51;3,

Rq txdqwl�h doruv fkdtxh rvfloodwhxu kduprqltxh frpph vl f*�hwdlw xq rvfloodwhxu pdw�hulho1
Rq dvvrflh dx frxsoh _srvlwlrq~lpsxovlrq% srxu xq prgh grqq�h +[&> S&, +dyhf S& @ �Y&, xq
frxsoh g*rs�hudwhxuv + a[& > aS&, whov txh ^ a[&> aS&� ` @ l�k�&c&� 1 Rq lqwurgxlw hqvxlwh ghv rs�hudwhxuv d&

hw d
_
&
whov txh =

d& @

u
�$&

5�k
a[& . l

aS&s
5�k�$&

+51;4,

d
_
&
@

u
�$&

5�k
[& � l

aS&s
5�k�$&

+51;5,
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k L= 2p /k L= p / k L= 3p / k L= 4p / k L= 5p /

Iljxuh 516= Uhsu�hvhqwdwlrq gh o*�hwdw gh od frugh yleudqwh> �d fkdtxh prgh hvw dvvrfl�h xq rvfloodwhxu

kduprqltxh txdqwl��h1

dyhf ^d&> d
_
&� ` @ �&c&� 1 O*kdplowrqlhq gx v|vw�hph hvw

K @
[

�k$&

�
d
_
&
d& .

4

5

�
+51;6,

Xqh edvh gh o*hvsdfh ghv �hwdwv gh od frugh v*rewlhqw hq frqvlg�hudqw ohv yhfwhxuv fruuhvsrqgdqw �d
xqh h{flwdwlrq grqq�hh srxu fkdtxh prgh n =

mqZ*u> q2Z*u> = = =l +51;7,

Rq d sdu h{hpsoh uhsu�hvhqw�h vxu od �jxuh 516 o*�hwdw m5> 6> 3> = = =l1 O*�hwdw irqgdphqwdo gh od frugh
hvw grqq�h sdu m3> 3> = = =l1 Qrwrqv txh fhw �hwdw irqgdphqwdo d xqh �hqhujlh lq�qlh =

S
&
�k$&@5> lo

idxgudlw uhqrupdolvhu qrwuh wk�hrulh srxu �holplqhu fhw lq�ql qrq sk|vltxh1

Rq frqvwdwh doruv tx*lo h{lvwh xq lvrprusklvph qdwxuho hqwuh o*hvsdfh gh Kloehuw g�hfulydqw
o*�hwdw gh od frugh hw o*hvsdfh gh Irfn vhuydqw �d g�hfuluh xqh dvvhpeo�hh gh ervrqv +dsshorqv0ohv
_frugrqv%, hqihup�hv gdqv xq sxlwv fduu�h gh wdlooh O hw g*�hqhujlh �k$& @ �kfn/ dyhf nO@� hqwlhu
qrq qxo1 O*�hwdw uhsu�hvhqw�h vxu od �jxuh 516 shxw ahwuh frqvlg�hu�h frpph xq �hwdw �d 8 frugrqv/ ghx{
frugrqv gdqv o*�hwdw n @ �@O hw 6 frugrqv gdqv o*�hwdw n @ 5�@O1 Ohv rs�hudwhxuv d& hw d_

&
vh

u�hlqwhusu�hwhqw frpph ohv rs�hudwhxuv dqqlklodwlrq hw fu�hdwlrq g*xq frugrq gdqv oh prgh n/ fhv

frugrqv d|dqw xq frpsruwhphqw ervrqltxhD1 Hq�q o*rs�hudwhxu g�hirupdwlrq gh od frugh v*rewlhqw
�d sduwlu gh +51:7, =

a{+}> w, @
[

&

v
�k

�$&O
vlqn} +d& . d

_
&
, +51;8,

D�L�h �L�h @TT@h@	>|hi _it U�@4Tt _i uih4�L?tc *i *iU|i�h _i�h@ @MLh_ih *@ tiUL?_i ^�@?|��U@|�L? _i *<�i^�@|�L?

_i #�h@U�
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Oh sureo�hph gh o*�hyroxwlrq whpsruhooh g*xq v|vw�hph txdqwltxh hvw od txhvwlrq od soxv qdwxuhooh

txh o*rq hvw dphq�h �d vh srvhu srxu g�hfuluh xqh revhuydwlrq h{s�hulphqwdoh grqq�hh1 Hwdqw grqq�h

xqh vlwxdwlrq lqlwldoh elhq g�h�qlh/ txhooh hvw od suredelolw�h srxu txh o*rq revhuyh oh v|vw�hph dsu�hv

xq fhuwdlq whpsv gdqv who rx who �hwdwB

Txdqg rq d vx gldjrqdolvhu frpso�hwhphqw o*Kdplowrqlhq/ fh sureo�hph d xqh u�hsrqvh

�ho�hphqwdluh1 Qrwrqv m�l ohv yhfwhxuv sursuhv gh K hw Hk ohv �hqhujlhv sursuhv dvvrfl�hhv1 Oh yhfwhxu

g*�hwdw �d o*lqvwdqw w vh g�hgxlw vlpsohphqw gx yhfwhxu g*�hwdw lqlwldo sdu =

m#+w,l @
[

k

fkh
3�.k|*7�m�l dyhf fk @ k�m#+3,l +614,

Gdqv od soxsduw ghv fdv/ od vlwxdwlrq q*hvw sdv vl vlpsoh hw lo idxw dyrlu uhfrxuv �d ghv ds0
sur{lpdwlrqv1 Oh exw gh fh fkdslwuh hvw gh phwwuh hq sodfh xq irupdolvph elhq dgdsw�h �d fhwwh
�hwxgh dssurfk�hh gh o*�hyroxwlrq whpsruhooh g*xq v|vw�hph1 Rq yd | g�hjdjhu hq sduwlfxolhu od qr0
wlrq g*dpsolwxgh gh wudqvlwlrq/ txh o*rq uhwurxyh sdu h{hpsoh orutxh o*rq �hwxglh od g�hvh{flwdwlrq
g*xq qlyhdx lqvwdeoh +dwrpltxh/ qxfo�hdluh/111,1 Fhwwh qrwlrq hvw �hjdohphqw hvvhqwlhooh hq wk�hrulh
ghv froolvlrqv/ r�x o*rq fkhufkh �d fdudfw�hulvhu od suredelolw�h tx*xqh sduwlfxoh g*lpsxovlrq lqlwldoh
�s� vh uhwurxyh dyhf o*lpsxovlrq �qdoh �ss dsu�hv gl�xvlrq sdu xq srwhqwlho1 Srxu g�hwhuplqhu fhv
dpsolwxghv gh wudqvlwlrq/ rq xwlolvh o*rs�hudwhxu g*�hyroxwlrq X+w, rx vd _wudqvirup�hh gh Irxulhu%/
od u�hvroydqwh J+},1

��� w<LT�ih@|i�h _<�i�L*�|�L?

Od g�h�qlwlrq j�hq�hudoh gh o*rs�hudwhxu g*�hyroxwlrq X+ws > w�,/ g*xq lqvwdqw w� yhuv xq lqvwdqw ws / srxu
xq v|vw�hph grqw o*Kdplowrqlhq shxw �hyhqwxhoohphqw g�hshqguh gx whpsv/ hvw grqq�hh sdu =

X+w�> w�, @ 4 +615,

l�k
CX+ws > w�,

Cws
@ K+ws,X+ws > w�, +616,

Lo hvw doruv lpp�hgldw gh y�hul�hu txh =

m#+w,l @ X+w> w�,m#+w�,l +617,

68
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hvw vroxwlrq gh o*�htxdwlrq gh Vfku�rglqjhu l�km b#+w,l @ K+w,m#+w,l1 O*dpsolwxgh gh wudqvlwlrq g*xq
�hwdw #� �d o*lqvwdqw w� yhuv xq �hwdw #s �d o*lqvwdqw ws hvw grqq�hh sdu =

d+#�> w� $ #s > ws, @ k#s mX+ws > w�,m#�l +618,

Gh fhwwh g�h�qlwlrq g�hfrxohqw lpp�hgldwhphqw ohv sursul�hw�hv vxlydqwhv =

41 Vl K hvw lqg�hshqgdqw gx whpsv/ doruv

X+ws > w�, @ h{s+�lK+ws � w�,@�k, +619,

txh o*rq qrwh soxv vlpsohphqw X+ws � w�,1

51 O*Kdplowrqlhq K hvw khuplwlhq/ grqf X hvw xqlwdluh1

61 Rq d/ txho txh vrlw o*lqvwdqw uhodl wo =

X+ws > w�, @ X+ws > wo,X+wo> w�, +61:,

Fhwwh �hjdolw�h frqgxlw �d od qrwlrq g*lqwhui�huhqfh hqwuh dpsolwxghv gh suredelolw�h/ sxlvtxh
tx*hooh hqwuda�qh/ hq lqwurgxlvdqw xqh uhodwlrq gh ihuphwxuh =

d+#�> w� $ #s > ws , @
[

�o

d+#�> w� $ #o> wo,d+#o> wo $ #s > ws , +61;,

71 X _+ws > w�, @ X+w�> ws ,

81 l�k
CX+ws > w�,

Cw�
@ �X+ws > w�,K+w�,

��2 w<LT�ih@|i�h h�itL*�@?|i

��2�� #�i�?�|�L?

Rq frqvlg�huh gdqv fhwwh sduwlh xq v|vw�hph lvro�h/ grqw o*Kdplowrqlhq hvw grqf lqg�hshqgdqw gx

whpsv1 Rq srvh =

J+}, @
4

} �K
+61<,

r�x } hvw xq qrpeuh frpsoh{h1 Hq g*dxwuhv whuphv/ J+}, djlw vxu od edvh sursuh gh K sdu =

J+},m�l @
4

} �Hk
m�l +6143,

O*rs�hudwhxu J+}, hvw grqf g�h�ql srxu wrxw } qrq �hjdo �d xqh ydohxu sursuh gh K1 Od iruph
kdelwxhooh gx vshfwuh gh K hvw lqgltx�hh vxu od �jxuh 6141 Lo frpsruwh fhuwdlqhv ydohxuv glvfu�hwhv/
txl fruuhvsrqghqw �d ghv sarohv gh J+},/ hw xq frqwlqxxp/ txl fruuhvsrqg �d xqh frxsxuh gdqv od
g�h�qlwlrq gh J+},1 Lo hvw doruv xwloh gh g�h�qlu od olplwh gh J+}, gh sduw hw g*dxwuh gh od frxsxuh =

Jn+H, @
4

H �K . l�
J
3

+H, @
4

H �K � l�
+6144,

r�x H hvw xq qrpeuh u�hho hw r�x lo idxw suhqguh � $ 3n1 Frqvlg�hurqv sdu h{hpsoh o*dfwlrq gh

J�+H, vxu xq �hwdw sursuh m�l gh K1 Fhwwh olplwh vh suhqg hq xwlolvdqw od irupxoh kdelwxhooh =

4

H �Hk 	 l�
@ SS

�
4

H �Hk

�

 l��+H �Hk, +6145,
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valeurs propres

discrètes spectre continu

Plan complexe

E

Iljxuh 614= Iruph w|sltxh gx vshfwuh gh K/ vlwx�h vxu o*d{h u�hho/ fruuhvsrqgdqw dx{ srlqwv r�x od

u�hvroydqwh J+}, q*hvw sdv g�h�qlh1

��2�2 w�i? i?|hi CE5� i| L E|�

O*lqw�huahw gh J+}, u�hvlgh gdqv vd vwuxfwxuh pdwk�hpdwltxh wu�hv vlpsoh/ txl shuphw gh idluh gh
pxowlsohv g�hyhorsshphqwv shuwxuedwliv/ frpph qrxv oh yhuurqv gdqv oh sdudjudskh vxlydqw1 Xqh
irlv J+}, frqqxh/ oh uhwrxu yhuv X+w, vh idlw vlpsohphqw sdu od irupxoh =

X+w, @
4

5l�

]
n"

3"

h
3�.|*7� +J

3

+H,�Jn+H,, gH +6146,

Fhwwh irupxoh vh g�hprqwuh hq uhjdugdqw o*dfwlrq ghv ghx{ phpeuhv vxu xq �hwdw sursuh m�l
gh K1 D jdxfkh/ rq wurxyh vlpsohphqw h{s+�lHkw@�k,m�l1 D gurlwh/ rq idlw dssduda�wuh =

4

5l�

]
n"

3"

h
3�.|*7�

�
4

H �Hk � l�
�

4

H �Hk . l�

�
gH m�l +6147,

Rq xwlolvh od whfkqltxh kdelwxhooh g*lqw�hjudwlrq gdqv oh sodq frpsoh{h1 Srxu w ? 3/ lo idxw xwlolvhu
xq frqwrxu orqjhdqw o*d{h u�hho hw ihup�h yhuv oh kdxw gx sodq frpsoh{h +�jxuh 615,> f*hvw doruv
J
3

+H, txl frqwulexh/ sxlvtxh vrq saroh hvw vlwx�h hq H @ Hk . l�1 Oh u�hvlgx fruuhvsrqgdqw hvw
5l� h{s+�lHkw@�k,1 Srxu w A 3/ f*hvw oh saroh gh Jn+H,/ vlwx�h hq H @ Hk � l� txl frqwulexh/
sxlvtxh oh frqwrxu �d frqvlg�huhu orqjh o*d{h u�hho sxlv vh ihuph sdu oh edv gx sodq frpsoh{h1 Oh
u�hvlgx hvw doruv �5l� h{s+�lHkw@�k,/ fh txl/ frpswh whqx gx vljqh � ghydqw Jn+H,/ grqqh elhq
oh u�hvxowdw fkhufk�h1

��2�� #�i�i*LTTi4i?| _i *<LT�ih@|i�h h�itL*�@?|i

Od vwuxfwxuh pdwk�hpdwltxh gh od u�hvroydqwh J+}, vh suahwh elhq �d ghv g�hyhorsshphqwv shuwxuedwliv/
hw f*hvw fh txl mxvwl�h vrq xwlolvdwlrq srxu ghv sureo�hphv wu�hv ydul�hv1 Frqvlg�hurqv sdu h{hpsoh
xq Kdplowrqlhq gx w|sh

K @ Kf . Y +6148,

srxu ohtxho rq vrxkdlwh h{sulphu ohv dpsolwxghv gh wudqvlwlrq hq sxlvvdqfhv gh Y / vdfkdqw txh
o*rq shxw gldjrqdolvhu h{dfwhphqw Kf1
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contour pour

t<0

pôle de

G-(z)

pôle de

G+(z)

E

Plan complexe

Iljxuh 615= Frqwrxuv �d xwlolvhu srxu �hwdeolu od uhodwlrq hqwuh J�+H, hw X+w,1

Rq xwlolvh o*lghqwlw�h hqwuh rs�hudwhxuv =

4

D
�

4

E
@

4

D
+E �D,

4

E
@

4

E
+E �D,

4

D
+6149,

txl grqqh/ hq srvdqw D @ } �K hw E @ } �Kf =

J+}, @ Jf+}, .J+},YJf+}, @ Jf+}, .Jf+},Y J+}, +614:,

dyhf

Jf+}, @
4

} �Kf

+614;,

Fhv ghx{ �hjdolw�hv vrqw oh srlqw gh g�hsduw srxu xq g�hyhorsshphqw gh J+}, +lqfrqqxh, hq irqfwlrq
gh sxlvvdqfhv gh Jf+}, hw Y +vxssrv�hv frqqxv,1 Rq wurxyh dlqvl =

J @ Jf .JfY Jf . = = =. +JfY ,?Jf . = = = +614<,

g�hyhorsshphqw txh o*rq shxw wurqtxhu gh pdql�huh h{dfwh hq uhpsod�fdqw gdqv oh ghuqlhu whuph
gh od vrpph gh gurlwh xq ghv Jf sdu J> sdu h{hpsoh =

J @ Jf .JfYJf .JfY JY Jf +6153,

Qrxv dxurqv o*rffdvlrq g*xwlolvhu fh w|sh gh g�hyhorsshphqw gdqv ohv fkdslwuhv vxlydqwv1



��@T�|hi e

�L�T*@}i _<�? �i|@| _�tUhi| 
@ �?

UL?|�?��4

Srxu oh sureo�hph �ho�hphqwdluh gh o*�hyroxwlrq whpsruhooh g*xq v|vw�hph �d ghx{ qlyhdx{ d hw e/
g*�hqhujlh H@ hw HK/ fhv ghx{ qlyhdx{ �hwdqw frxso�hv sdu xq srwhqwlho g*�ho�hphqw gh pdwulfh Y@K/
od suredelolw�h srxu sdvvhu gh d hq e hq xq whpsv w vh fdofxoh h{dfwhphqw =

S@K+w, @
7mY@Km

2

+H@ �HK,2 . 7mY@Km2
vlq

2

#
w

s
+H@ �HK,2 . 7mY@Km2

5�k

$
+714,

F*hvw od irupxoh gh Udel/ g�hprqwu�hh dx suhplhu fkdslwuh gh fhwwh sduwlh1

Srxu gh pxowlsohv sureo�hphv/ fhwwh txdqwlw�h q*hvw sdv shuwlqhqwh1 Rq phvxuh soxwarw od sured0
elolw�h gh sdvvhu g*xq �hwdw lqlwldo l �d xq grpdlqh Gs g*�hwdwv �qdov i / fhv �hwdwv �qdov uhsu�hvhqwdqw

xq frqwlqxxp1 Sdu h{hpsoh/ gdqv xq sureo�hph g*�hplvvlrq vsrqwdq�hh/ o*�hwdw l uhsu�hvhqwh o*dwrph

rx oh qr|dx gdqv xq �hwdw h{flw�h/ hq o*devhqfh gh skrwrqv/ hw ohv �hwdwv i srvvleohv fruuhvsrqghqw
�d o*dwrph rx dx qr|dx/ hq su�hvhqfh g*xq +rx soxvlhxuv, skrwrq+v,1 Ohv �hwdwv �qdov vrqw u�hs�hu�hv
sdu o*�hqhujlh gx skrwrq �hplv/ sdu vd gluhfwlrq hw sdu vd srodulvdwlrq> ohv ghx{ suhpl�huhv judq0
ghxuv shxyhqw grqf suhqguh xq hqvhpeoh frqwlqx gh ydohxuv fruuhvsrqgdqw �d ghv �hwdwv �qdov
ruwkrjrqdx{1

Qrxv prg�holvhurqv fh sureo�hph hq sduwdqw gh o*Kdplowrqlhq Kf hq o*devhqfh gh frxsodjh
hqwuh o*�hwdw glvfuhw l hw ohv �hwdwv �qdov i 1 O*�hwdw l hvw �hwdw sursuh gh Kf dyhf od ydohxu sursuh H� =

Kfmll @ H�mll +715,

Ohv �hwdwv �qdov i vrqw uhs�hu�hv sdu ghx{ qrpeuhv = i � +Hs > �s ,> Hs uhsu�hvhqwh ohxu �hqhujlh =

KfmHs > �s l @ Hs mHs > �s l +716,

hw �s fruuhvsrqg �d o*hqvhpeoh ghv qrpeuhv txdqwltxhv vxsso�hphqwdluhv q�hfhvvdluhv srxu su�hflvhu

frpso�hwhphqw o*�hwdw i 1 Srxu oh fdv g*xq skrwrq/ �hyrtx�h soxv kdxw/ �s uhs�huh od gluhfwlrq gh

sursdjdwlrq hw od srodulvdwlrq gh fh skrwrq1 Qrxv vxssrvhurqv txh o*�hwdw l hvw frxso�h dx{ �hwdwv

i sdu xq srwhqwlho Y fdudfw�hulv�h sdu vhv �ho�hphqwv gh pdwulfh =

Ys� @ ki mY mll +717,

6<
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i

f

f '

f "

V

Iljxuh 714= Vshfwuh hq �hqhujlh gh o*kdplowrqlhq qrq shuwxue�h Kf1

Srxu vlpsol�hu oh wudlwhphqw pdwk�hpdwltxh gh fh sureo�hph/ qrxv vxssrvhurqv txh Y q*d sdv

g*dxwuhv �ho�hphqwv gh pdwulfh qrq qxov/ f*hvw0�d0gluh txh =

Y�� @ klmY mll @ 3 Yss � @ ki mY mi �l @ 3 +718,

Od vwuxfwxuh ghv qlyhdx{ g*�hqhujlh gh Kf hvw lqgltx�hh vxu od �jxuh 7141 hw hooh hvw fdudfw�hulv�hh sdu

od ghqvlw�h g*�hwdwv �+Hs > �s ,1 Fhwwh irqfwlrq hvw whooh txh �+Hs > �s ,gHs g�s hvw oh qrpeuh g*�hwdwv
i g*�hqhujlh frpsulvh hqwuh Hs hw Hs . gHs / hw gh sdudp�hwuh � frpsulv hqwuh �s hw �s . g�s 1

e�� w@ h
i}*i _<Lh _i 6ih4�

Qrxv doorqv gdqv xq suhplhu whpsv �hydoxhu od suredelolw�h g*dwwhlqguh xq grpdlqh grqq�h g*�hwdwv

�qdov Gs srxu ohv whpsv _frxuwv%1 O*�hfkhooh gh whpsv fdudfw�hulvwltxh vxu odtxhooh fh wudlwhphqw

hvw ydodeoh vhud g�hwhuplq�hh gh pdql�huh dxwr0frk�huhqwh �d od �q gh fh sdudjudskh1

e���� ,^�@|�L? _i 5U�h�L_�?}ih

Od irqfwlrq g*rqgh �d o*lqvwdqw lqlwldo hvw =

m#+3,l @ mll +719,

D o*lqvwdqw w/ hooh v*�hfulw =
m#+w,l @ �+w,mll.

[

s

�s +w,mil +71:,

O*�hyroxwlrq ghv frh�flhqwv � hw �s hvw grqq�hh sdu o*�htxdwlrq gh Vfku�rglqjhu =

l�k b� @ H�� .
[

s

Y�s�s

l�k b�s @ Hs�s . Ys��

Srxu su�hsduhu oh wudlwhphqw shuwxuedwli gh Y / g�h�qlvvrqv gh qrxyhoohv irqfwlrqv lqfrqqxhv ��
hw ��s q*�hyroxdqw txh vrxv o*h�hw gx frxsodjh =

��+w, @ �+w,h�.�|*7� ��s +w, @ �s +w,h
�.s |*7� +71;,
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O*�htxdwlrq gh Vfku�rglqjhu vh u�h�hfulw doruv =

l�k b�� @
[

s

Y�s
��s h

�/�s |

l�k
b��s @ Ys� ��h

3�/�s |

r�x o*rq d srv�h $�s @ +H� �Hs ,@�k1

e���2 +�itL*�|�L? Tih|�hM@|��i

D o*ruguh 3 hq Y / ohv irqfwlrqv �� hw ��s q*�hyroxhqw sdv1 D o*ruguh 4 hq Y / rq shxw grqf uhpsodfhu
gdqv +71<, ��+w, sdu vd ydohxu lqlwldoh �hjdoh �d 4 =

l�k b��s * Ys �h
3�/�s | +71<,

fh txl v*lqw�hjuh hq =

��s +w, *
Ys �

�k$�s

+h3�/�s |
� 4, +7143,

Rq fdofxoh doruv od suredelolw�h �Ss +w, gh wurxyhu oh v|vw�hph gdqv oh grpdlqh g*�hwdwv �qdov Gs =

�Ss +w, @
[

sM&s

m�s+w,m
2
@

[

sM&s

7mYs �m
2

+�k$�s ,2
vlq2

$�s w

5
+7144,

e���� #�i�?�|�L? _<�?i ThLM@M�*�|�i T@h �?�|�i _i |i4Tt

Gdqv oh u�hvxowdw srxu �Ss+w, dssduda�w xqh txdqwlw�h sursruwlrqqhooh dx fduu�h gh od irqfwlrq =

�
E|�+Hs �H�, @

4

�

vlq ++Hs �H�,w@5�k,

Hs �H�

@
4

5��k

]
n|*2

3|*2
h
�E.s3.��|

�*7�
gw

� +7145,

Fhwwh irqfwlrq �E|�+H, hvw sdluh hw vrq lqw�hjudoh vxu H hvw �hjdoh �d 4 sxlvtxh =

]
n"

3"

vlqx

x
gx @ � +7146,

Hooh qh suhqg ghv ydohxuv vljql�fdwlyhphqw gl��huhqwhv gh 3 txh srxu mHm � k@w hw hooh whqg yhuv
od glvwulexwlrq gh Gludf �+H, txdqg w whqg yhuv o*lq�ql1 Rq shxw doruv �hfuluh o*�ho�hphqw gh pdwulfh
gh o*rs�hudwhxu g*�hyroxwlrq hqwuh mll hw mil �d o*dlgh gh �E|�+H,=

�s +w, @ ki mX+w,mll @ �5l� Ys � h
3�E.�n.s �|*E27�� �

E|�+Hs �H�, +7147,

Gdqv +7144,/ f*hvw soxwarw oh fduu�h gh �E|�+H, txl lqwhuylhqw1 Fh fduu�h shxw vh phwwuh vrxv od
iruph = �

�
E|�+Hs �H�,

�
2

@

w

5��k

��
E|�+Hs �H�, +7148,

r�x o*rq d srv�h =

��E|�+Hs �H�, @
4

�

5�k

w

vlq2 ++Hs �H�,w@5�k,

+Hs �H�,2
+7149,
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Wrxw frpph �E|�+H,/ fhwwh qrxyhooh irqfwlrq ��E|�+H, hvw sdluh hw g*lqw�hjudoh �hjdoh �d 4 sxlvtxh =

]
"

3"

vlq2 x

x2
gx @ � +714:,

Hooh whqg �hjdohphqw yhuv od glvwulexwlrq gh Gludf �+H, txdqg w whqg yhuv o*lq�ql1

Hq xwlolvdqw fhwwh qrxyhooh irqfwlrq/ rq shxw phwwuh �Ss +w, vrxv od iruph =

�Ss +w, @
5�

�k
w

[

sM&s

mYs�m
2
��
E|�+Hs �H�, +714;,

rx hqfruh/ hq uhpsod�fdqw od vrpph sdu xqh lqw�hjudoh hw hq lqwurgxlvdqw od ghqvlw�h g*�hwdwv
�+Hs > �s, =

�Ss +w, @
5�

�k
w

]
sM&s

mYs�m
2
��
E|�+Hs �H�, �+Hs > �s , gi +714<,

Vxssrvrqv txh oh whpsv w gdqv +714<, vrlw vx�vdphqw judqg srxu tx*lo vrlw o�hjlwlph gh
uhpsodfhu ��E|�+Hs�H�, sdu od glvwulexwlrq gh Gludf �+Hs�H�,> od ydolglw�h gh fhwwh dssur{lpdwlrq

vhud glvfxw�hh gdqv oh sdudjudskh txl vxlw1 Vl mYs�m
2
�+Hs > �s , ydulh shx vxu o*h{whqvlrq ��s gx

grpdlqh Gs frqvlg�hu�h/ rq wurxyh doruv =

�Ss +w, @
5�

�k
w mYs �m

2 �+Hs @ H�> �s, ��s +7153,

Rq hq g�hgxlw txh od suredelolw�h g*dwwhlqguh oh grpdlqh Gs fura�w olq�hdluhphqw dyhf oh whpsv/ fh

txl frqgxlw �d od g�h�qlwlrq g*xqh suredelolw�h sdu xqlw�h gh whpsv hw sdu xqlw�h gh sdudp�hwuh �s =

�z

��s
@

4

w

�Ss+w,

��s
@

5�

�k
mYs �m

2
�+Hs @ H�> �s, +7154,

Fh u�hvxowdw hvw frqqx vrxv oh qrp gh u�hjoh g*ru gh Ihupl/ txh o*rq xwlolvh �hjdohphqw vrxv od iruph

g*xqh vrpph glvfu�hwh =

�z @
5�

�k

[

sM&s

mYs�m
2
�+Hs �H�, +7155,

Rq g�hgxlw gh fhwwh suredelolw�h sdu xqlw�h gh whpsv txh od suredelolw�h gh su�hvhqfh gdqv o*�hwdw
lqlwldo m�+w,m2 glplqxh olq�hdluhphqw dyhf oh whpsv =

m�+w,m2 @ 4� �w +7156,

Oh wdx{ gh g�hsduw gh o*�hwdw lqlwldo v*�hfulw =

� @
5�

�k

[

s

mYs �m
2
�+Hs �H�, +7157,

r�x od vrpph sruwh fhwwh irlv vxu wrxv ohv �hwdwv �qdov i srvvleohv1
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temps

très

courts

temps courts

Règle d'or

de Fermi temps longs

a(t) 2

temps

Iljxuh 715= Hyroxwlrq whpsruhooh gh od suredelolw�h gh su�hvhqfh gdqv o*�hwdw l1

e���e V@*�_�|�i _� |h@�|i4i?| Tih|�hM@|�u

Ghx{ dssur{lpdwlrqv gl��huhqwhv rqw �hw�h q�hfhvvdluhv srxu duulyhu �d od u�hjoh g*ru gh Ihupl1 Fhv
ghx{ dssur{lpdwlrqv phwwhqw ghv frqwudlqwhv gl��huhqwhv vxu oh grpdlqh whpsruho srxu ohtxho oh
u�hvxowdw +7154, hvw ydodeoh1 Wrxw g*derug/ qrxv dyrqv uhpsodf�h gdqv ohv �htxdwlrqv gh g�hsduw ��+w,
sdu 41 Lo idxw grqf txh m�+w,m �hyroxh shx shqgdqw oh whpsv w/ f*hvw0�d0gluh =

�w� 4 +7158,

Sdu dloohxuv qrxv dyrqv uhpsodf�h od irqfwlrq ��E|�+H, sdu od glvwulexwlrq gh Gludf �+H,1 Fhfl
hvw ydodeoh vl ��E|�+H,/ txl d srxu odujhxu hq �hqhujlh k@w/ hvw pxowlsol�hh sdu xqh irqfwlrq gh H

yduldqw wu�hv ohqwhphqw �d o*�hfkhooh gh k@w1 Od irqfwlrq hq txhvwlrq hvw mYs �m
2
�+Hs > �s ,> qrwrqv �k�

vd odujhxu hq �hqhujlh1 Lo idxw grqf =

k@w� �k� +7159,

Hq rxeoldqw ohv idfwhxuv 5�/ qrxv derxwlvvrqv �qdohphqw �d od grxeoh frqwudlqwh vxu oh whpsv
+�jxuh 715, =

4

�
� w�

4

�
+715:,

txl qh shxw ahwuh vdwlvidlwh txh vl =

�� � +715;,

Fhwwh ghuql�huh lq�hjdolw�h grlw ahwuh frpsulvh frpph xqh frqglwlrq dxwr0frk�huhqwh vxu od p�hwkrgh
vxlylh1 Srxu xq sureo�hph grqq�h/ � hvw �{�hh1 Rq fdofxoh � sdu od irupxoh +7157, hw rq grlw doruv
y�hul�hu txh +715;, hvw y�hul��hh1 Vl f*hvw oh fdv/ lo h{lvwh xqh jdpph gh whpsv/ grqq�hh sdu +715:,/
srxu odtxhooh od u�hjoh g*ru gh Ihupl v*dssoltxh1 Vl fh q*hvw sdv oh fdv/ fhod vljql�h txh fh sureo�hph
qh shxw sdv ahwuh derug�h sdu oh wudlwhphqw shuwxuedwli txh qrxv yhqrqv gh su�hvhqwhu1



77 FKDSLWUH 71 FRXSODJH G*XQ �HWDW GLVFUHW �D XQ FRQWLQXXP

e�2 , i4T*it _<@TT*�U@|�L?

e�2�� wi U@*U�* _i *@ _i?t�|�it _<�i|@|t

Lo v*djlw g*xq fdofxo txh o*rq uhwurxyh gdqv gh qrpeuhx{ sureo�hphv1 G�hfulyrqv lfl ohv ghx{

fdv vwdqgdugv gh sduwlfxohv oleuhv gdqv xqh era�wh gh yroxph O�
/ fhv sduwlfxohv �hwdqw vrlw qrq

uhodwlylvwhv/ vrlw xowud0uhodwlylvwhv1 Gdqv ohv ghx{ fdv/ rq vdlw txh o*rq shxw uhs�huhu o*�hwdw gh od
sduwlfxoh +vxssrv�hh lfl vdqv vslq, sdu vrq yhfwhxu g*rqgh �n1 Srxu ghv frqglwlrqv dx{ olplwhv
s�hulrgltxhv/ fh yhfwhxu g*rqgh grlw ahwuh who txh =

n� @

5�

O
q� l @ {> |> } +715<,

r�x q%> q+> q5 vrqw ghv hqwlhuv1 Srxu xq yroxph �ho�hphqwdluh g�n grqq�h gdqv o*hvsdfh ghv �n/ lo | d
grqf =

g�q @
O�

;��
g�n @

O�

;��
n2 gn g2
 +7163,

�hwdwv srvvleohv/ 
 uhs�hudqw o*dqjoh vrolgh gdqv ohtxho srlqwh �n> fhwwh yduldeoh fruuhvsrqg dx sd0
udp�hwuh �s txh qrxv dylrqv lqwurgxlw srxu su�hflvhu frpso�hwhphqw xq �hwdw mil1 Lo v*djlw pdlqwhqdqw

gh uholhu oh yroxph �ho�hphqwdluh g�n �d o*lqwhuydooh �ho�hphqwdluh hq �hqhujlh gH1

Sduwlfxohv qrq uhodwlylvwhv

Rq d od uhodwlrq gh glvshuvlrq =

H @
s2

5p
@

�k2n2

5p
+7164,

vrlw =

gH @
�k2

p
n gn @, gn @

p

�k2
�ks
5pH

gH +7165,

Rq d grqf =

g�q @
pO�

;���k�
s
5pH gH g2
 +7166,

vrlw =

�+H>
, @
g�q

gH g2

@

pO�

;���k�
s
5pH +7167,

Fhwwh ghqvlw�h g*�hwdw hq
s
H hvw fdudfw�hulvwltxh gh sduwlfxohv oleuhv qrq uhodwlylvwhv �d 6 glphqvlrqv1

Sduwlfxohv xowud0uhodwlylvwhv rx skrwrqv

Od uhodwlrq gh glvshuvlrq hvw doruv =

H @ fs @ �kfn +7168,

hw xq udlvrqqhphqw dqdorjxh dx su�hf�hghqw grqqh =

�+H>
, @
O�

;���k�f�
H

2 +7169,
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e�2�2 ,4�tt�L? tTL?|@?�ii _<�? t)t|
i4i 
@ _i� ?��i@� 

Rq frqvlg�huh xq v|vw�hph �d ghx{ qlyhdx{/ qrw�hv h hw j1 O*�hwdw h hvw xq �hwdw h{flw�h/ txl hvw lqvwdeoh1

Oh v|vw�hph shxw sdvvhu gh h �d o*�hwdw irqgdphqwdo j hq �hphwwdqw xq skrwrq1 O*�hwdw irqgdphqwdo

hvw vwdeoh hq o*devhqfh gh skrwrqv1 Hq su�hvhqfh gh skrwrqv/ oh v|vw�hph shxw sdvvhu gh j �d h hq

devruedqw xq skrwrq1 Rq g�hfulw fhv ghx{ v|vw�hphv dwrph.fkdps sdu o*Kdplowrqlhq vxlydqw =

K @ K@|L4i .KU�@4T . Y +716:,

dyhf =
K@|L4i @ �k$�mhlkhm +716;,

Sdu frqyhqwlrq o*�hqhujlh gh o*�hwdw irqgdphqwdo hvw fkrlvlh qxooh1 O*Kdplowrqlhq gx fkdps hvw =

K @
[

b

�k$bd
_
b
db +716<,

Oh sdudp�hwuh � uhs�huh �d od irlv oh yhfwhxu g*rqgh �n dvvrfl�h �d xq prgh gx fkdps �hohfwurpdj0
q�hwltxh dlqvl txh od srodulvdwlrq �� gh fh prgh =

� � +�n>�� , +7173,

Oh frxsodjh hqwuh o*dwrph hw oh fkdps v*�hfulw/ �d o*dssur{lpdwlrq glsrodluh �hohfwultxh +f1i1 frxuv
gh V1 Kdurfkh,=

Y @

#
[

b

ybd
_
b

$
mjlkhm.

#[
b

y
W

b
db

$
mhlkjm +7174,

Ohv frh�flhqwv yb rqw srxu ydohxu =

yb @ kj>�n>�� mY mh> 3l @ +�g=�� ,

v
�k$

5�fO�
+7175,

r�x m3l uhs�huh o*�hwdw �d 3 skrwrq gx fkdps �hohfwurpdjq�hwltxh> �g uhsu�hvhqwh oh glsroh �hohfwultxh
u�hgxlw srxu od wudqvlwlrq dwrpltxh rx qxfo�hdluh frqvlg�hu�hh1

Dyhf ohv qrwdwlrqv gx suhplhu sdudjudskh/ rq d

Kf @ K@|L4i .KU�@4T +7176,

O*�hwdw lqlwldo hvw mll @ mh> 3l/ g*�hqhujlh sursuh ylv �d ylv gh Kf = �k$f> oh frqwlqxxp g*�hwdwv �qdov

hvw mil @ mj> �l/ g*�hqhujlh sursuh ylv �d ylv gh Kf = �k$b1

Oh frh�flhqw � g�hfulydqw oh wdx{ gh g�hsduw gh o*�hwdw h{flw�h hvw doruv grqq�h sdu =

� @
5�

�k

[

b

mybm2 �+�k$� � �k$b, +7177,

txh qrxv doorqv pdlqwhqdqw fdofxohu soxv h{solflwhphqw1 Od suredelolw�h sdu xqlw�h gh whpsv

g*�hphwwuh xq skrwrq g*�hqhujlh �k$ hw gh srodulvdwlrq �� / gdqv xq dqjoh vrolgh �
/ hvw grqq�hh

sdu =

�z @
5�

�k
m�g=�� m2

�k$

5�fO�

O�

;���k�
+�k$,2

f�
�
 +7178,
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fhwwh suredelolw�h ghydqw ahwuh �hydox�hh srxu �k$ @ �k$�1 Rq d grqf =

�z

�

@

$
�

�

;�2�f�kf
�
m�g=�� m2 +7179,

O*lqw�hjudoh vxu ohv dqjohv qh srvh sdv gh sureo�hph1 Srxu xqh gluhfwlrq gh �n grqq�hh/ uhs�hu�hh sdu

vrq dqjoh srodluh � sdu udssruw �d o*d{h R} sdudoo�hoh �d �g/ rq suhqg frpph edvh gh srodulvdwlrq

���>��2/ r�x ��� hvw gdqv oh sodq {R| hw r�x ��2 idlw xq dqjoh ���@5 dyhf o*d{h R}1 Rq d grqf �g=��� @ 3

hw m�g=��2m2 @ g
2 vlq2 �1 O*lqw�hjudoh dqjxodluh vh idlw dlqvl dlv�hphqw =

� @

] ]
�z

�

g
 @

$
�

�
g
2

;�2�f�kf
�

] ]
vlq� � g� g! +717:,

rx hqfruh

� @
$�

�
g
2

6��f�kf�
+717;,

Rq yrlw dlqvl txh od suredelolw�h g*�hplvvlrq vsrqwdq�hh dxjphqwh frpph oh fxeh gh od iu�htxhqfh
gh od wudqvlwlrq hq mhx> fhfl hvw xqh frqv�htxhqfh gluhfwh gh od ghqvlw�h g*�hwdwv srxu ohv skrwrqv/
txl ydulh frpph +�k$,21 Txdvlphqw q�hjoljhdeoh gdqv oh grpdlqh udglr0iu�htxhqfh/ hooh ghylhqw
lpsruwdqwh srxu ghv wudqvlwlrqv vlwx�hhv gdqv oh grpdlqh ylvleoh rx xowud0ylrohw1 Suhqrqv sdu
h{hpsoh oh fdv gh od udlh gh u�hvrqdqfh gh o*dwrph g*k|gurj�hqh +wudqvlwlrq O|pdq �, =

5v �$ 4v . skrwrq +717<,

Od iu�htxhqfh dqjxodluh $ hvw gh o*ruguh gh 5 43�D v3�/ fruuhvsrqgdqw �d xqh orqjxhxu g*rqgh
gh 463 qp hw �d xqh �hqhujlh g*xqh gl}dlqh g*�hohfwurq0yrow> od gxu�hh gh ylh hvw gh o*ruguh gh 5
qdqrvhfrqghv +� @ 8 43H v3�,1

Rq frpsuhqg �hjdohphqw txh o*rq shxw prgl�hu fh wdx{ g*�hplvvlrq vsrqwdq�hh gh pdql�huh
lpsruwdqwh vl o*rq sodfh o*dwrph gdqv xqh fdylw�h txdvl0u�hvrqqdqwh dyhf od wudqvlwlrq h�j1 Vxlydqw

oh vhqv gh od prgl�fdwlrq gh od ghqvlw�h g*�hwdwv/ rq shxw dxjphqwhu rx dx frqwudluh lqklehu

o*�hplvvlrq vsrqwdq�hh�1

Qrxv srxyrqv vxu fhw h{hpsoh whvwhu od ydolglw�h gh od u�hjoh g*ru gh Ihupl1 Od iu�htxhqfh �

w|sltxh vxu odtxhooh od irqfwlrq mYs �m
2�+Hs > �s , ydulh hvw lfl � � $�1 Lo idxw grqf srxu tx*lo h{lvwh

xq grpdlqh whpsruho vxu ohtxho od u�hjoh g*ru gh Ihupl hvw ydodeoh =

�� $� @,

$
2

�
g
2

6��f�kf
�
� 4 +7183,

Srxu xq dwrph rq d

�k$� �
t
2

7��fdf
, $�g * $�tdf �

t�

7��f�k
+7184,

Od frqglwlrq uhtxlvh v*�hfulw doruv = #
t
2

7��f�kf

$
�

@ ��
� 4 +7185,

F*hvw grqf od shwlwhvvh gh od frqvwdqwh gh vwuxfwxuh �qh � txl dvvxuh txh oh wudlwhphqw shuwxuedwli
�d od edvh gh od u�hjoh g*ru gh Ihupl shxw ahwuh ydodeoh gdqv xq fhuwdlq grpdlqh whpsruho1 Vl fhod
q*dydlw sdv �hw�h oh fdv/ od vhxoh dssurfkh srvvleoh �d o*�hplvvlrq vsrqwdq�hh gh skrwrqv sdu xq dwrph
dxudlw �hw�h xq wudlwhphqw qrq shuwxuedwli/ ehdxfrxs soxv gl�floh �d phwwuh hq �xyuh1

��L�h �?i hi��i _it T��i?L4
i?it _<�i*iU|hL�_)?@4�^�i i? U@��|�ic �L�h T@h i i4T*i G 5� O@hLU�i i| a����

+@�4L?_c 5U�i?|��U �4ih�U@?c ��h�* �bb�( |h@_�U|�L? uh@?
U@�ti _@?t �L�h *@ 5U�i?Ui�
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c

b

a

Laser

Radiofréquence

Iljxuh 716= Vfk�hpd gh qlyhdx{ xwlolv�h srxu o*revhuydwlrq gh o*h�hw ]�hqrq txdqwltxh1

e�� wi UL4TLh|i4i?| @� |i4Tt |h
it UL�h|t

Dx{ whpsv wu�hv frxuwv +
w � 4,/ oh u�hvxowdw +7154, q*hvw sdv ydodeoh1 Hq xwlolvdqw +7143,/ rq wurxyh
gdqv fhwwh jdpph gh whpsv txh

�s +w, � �
lYs�w

�k
+7186,

fh txl vljql�h txh �Ss +w, fura�w frpph w
2/ hw txh m�+w,m2 g�hfura�w frpph 4 � �w2/ r�x � hvw xqh

frqvwdqwh txh o*rq shxw g�hwhuplqhu hq irqfwlrq ghv sdudp�hwuhv gx v|vw�hph1

Fh g�hsduw txdgudwltxh hq whpsv hvw lq�hylwdeoh gdqv xqh �hyroxwlrq kdplowrqlhqqh1 Lo d ghv
frqv�htxhqfhv dpxvdqwhv frpph oh sdudgr{h gh ]�hqrq/ txl lqgltxh txh o*rq shxw hpsahfkhu
xq v|vw�hph g*�hyroxhu hq o*revhuydqw wurs iu�htxhpphqw1 Srxu prqwuhu fh sdudgr{h/ frqvlg�hurqv
vlpsohphqw xq v|vw�hph �d ghx{ qlyhdx{ d hw e1 Lqlwldohphqw/ oh v|vw�hph hvw gdqv o*�hwdw d hw
rq vxssrvh tx*xq srwhqwlho gh frxsodjh whqg �d oh idluh rvfloohu hqwuh d hw e +irupxoh gh Udel,1
Idlvrqv xqh phvxuh dsu�hv xq whpsv w frxuw ghydqw od iu�htxhqfh g*rvfloodwlrq 
 hqwuh d hw e1 Ohv
suredelolw�hv gh wurxyhu oh v|vw�hph gdqv ohv �hwdwv d hw e vrqw =

S@+w, @ 4� +
w,2 SK+w, @ +
w,2 +7187,

Vxssrvrqv pdlqwhqdqw txh o*rq idvvh xqh phvxuh �d o*lqvwdqw w@5/ sxlv xqh phvxuh �d o*lqvwdqw w1
Txhooh hvw od suredelolw�h gh wurxyhu oh v|vw�hph gdqv o*�hwdw e �d o*xqh rx o*dxwuh gh fhv phvxuhvB
D o*lqvwdqw w@5/ rq d ohv suredelolw�hv =

S@+w@5, @ 4�
+
w,2

7
SK+w@5, @

+
w,2

7
+7188,

Vl rq wurxyh oh v|vw�hph gdqv o*�hwdw e/ f*hvw jdjq�h1 Vl rq oh wurxyh gdqv o*�hwdw d/ rq surmhwwh od
irqfwlrq g*rqgh vxu o*�hwdw d hw rq uhsduw srxu od gxu�hh w@5 uhvwdqwh/ dx whuph gh odtxhooh od
suredelolw�h gh wurxyhu e hvw hqfruh =

SK+w, @
+
w,2

7
+7189,

Od suredelolw�h wrwdoh gh wurxyhu oh v|vw�hph gdqv o*�hwdw e gdqv o*xqh rx o*dxwuh ghv phvxuhv q*hvw
grqf txh gh +
w,2@5/ ghx{ irlv soxv idleoh txh vl rq qh idlw od phvxuh tx*�d o*lqvwdqw w1 Oh ohfwhxu
vh frqydlqfud dlv�hphqw txh q phvxuhv idlwhv hqwuh 3 hw w u�hgxlvhqw od suredelolw�h lqlwldoh sdu xq
idfwhxu q1
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Fhw h�hw ]�hqrq txdqwltxh d �hw�h revhuy�h h{s�hulphqwdohphqw vxu xq lrq xqltxh sl�hj�h sdu Lwdqr

hw do21 Lo v*djlw g*xq v|vw�hph �d wurlv qlyhdx{ d/ e/ f +�jxuh 716,1 Rq hvvdlh gh idluh edvfxohu o*lrq
gh o*�hwdw d yhuv o*�hwdw e dx pr|hq g*xqh udglriu�htxhqfh u�hvrqqdqwh/ hw rq revhuyh vlpxowdq�hphqw
vl o*lrq hvw su�hvhqw rx qrq vxu oh qlyhdx d hq o*�hfodludqw sdu xq odvhu u�hvrqqdqw dyhf od wudqvlwlrq
d' f1

Uhpdutxh = Lo h{lvwh xqh pdql�huh gh frpsuhqguh fh u�hvxowdw h{s�hulphqwdo vdqv idluh dssho

dx srvwxodw gh u�hgxfwlrq gx sdtxhw g*rqgh�1 Lo idxw doruv �hfuluh o*�hyroxwlrq gx v|vw�hph �d wurlv

qlyhdx{ vrxv o*h�hw ghv ghx{ fkdpsv/ udglriu�htxhqfh hw rswltxh1 Oh fkdps odvhu lqgxlw xq frx0

sodjh dyhf o*h{w�hulhxu/ fh txl lpsrvh oh uhfrxuv �d od pdwulfh ghqvlw�h1 Gdqv fh srlqw gh yxh/ od

frk�huhqfh �@K hvw d�hfw�hh sdu oh odvhu/ fh txl hq uhwrxu prgl�h o*rvfloodwlrq hqwuh d hw e1

e�e wi UL4TLh|i4i?| @� |i4Tt *L?}t

O*dssur{lpdwlrq txl d frqgxlw �d od u�hjoh g*ru gh Ihupl q*hvw ydodeoh tx*dx{ whpsv uhodwlyhphqw

frxuwv sxltxh o*rq d vxssrv�h m�+w,m � 4 srxu u�hvrxguh gh pdql�huh dssurfk�hh oh v|vw�hph gl��huhqwlho
fruuhvsrqgdqw �d o*�htxdwlrq gh Vfku�rglqjhu1 Oh exw gh fh sdudjudskh hvw g*lqgltxhu frpphqw od
orl olq�hdluh m�+w,m2 * 4 � �w hvw prgl��hh txdqg oh whpsv w ghylhqw gh o*ruguh gh rx vxs�hulhxu �d

�3�1

Xqh suhpl�huh yrlh srvvleoh hvw gh shuvlvwhu gdqv od yrlh g�hyhorsshphqw shuwxuedwli/ hq doodqw

�d xq ruguh vxs�hulhxu hq Y gdqv od u�hvroxwlrq1 Fhwwh yrlh q*hvw sdv wu�hv surphwwhxvh1 Rq shxw hq

h�hw ghylqhu tx*hooh uhylhqgud vlpsohphqw �d uhpsodfhu od orl olq�hdluh grqq�hh fl0ghvvxv sdu xqh

orl sro|qrpldoh hq w1 Fhwwh orl vhud gh wrxwh id�frq pdqlihvwhphqw idxvvh txdqg w$ .41

e�e�� w<@TThLU�i R�i^�@|�L? �?|�i}hL�_�g�ihi?|�i**i�

Xqh vhfrqgh yrlh hvw gh fkhufkhu �d u�hvrxguh gh pdql�huh qrq shuwxuedwlyh oh v|vw�hph gl��huhqwlho

gh g�hsduw1 Hq lqw�hjudqw iruphoohphqw o*�htxdwlrq vxu
b��s / rq rewlhqw/ frpswh whqx gh od frqglwlrq

lqlwldoh �s+3, @ 3 =

��s+w, @
Y�s

l�k

]
|

f

��+w�, h3�/�s |
�

gw
� +718:,

Rq uhsruwh fhwwh ydohxu gdqv o*�htxdwlrq g*�hyroxwlrq gh �� srxu rewhqlu =

b��+w, @ �
]

|

f

Q +�,��+w� �,g� +718;,

r�x o*rq d srv�h =

Q +�, @
4

�k2
[

s

mY�s m2h�/�s� +718<,

Lo q*| d sdv hq j�hq�hudo gh vroxwlrq dqdo|wltxh vlpsoh �d fhwwh �htxdwlrq lqw�hjur0gl��huhqwlhooh
vxu ��1 Rq shxw hq fkhufkhu xqh vroxwlrq dssurfk�hh hq wludqw sduwl gx idlw txh od irqfwlrq Q +�,

2`� W|@?L i| @*c ��)t� +i�� � e�c 22bD E�bbf��
��@**i?|�?ic �L44i?| ��)t� +i�� � e�c D�SD E�bb��( W|@?L i| @*c +iT*) |L �L44i?|c ��)t� +i�� � e�c D�SH

E�bb���
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hvw sltx�hh dxwrxu gh 3> f*hvw hq h�hw xqh vxshusrvlwlrq g*xq judqg qrpeuh g*h{srqhqwlhoohv

rvfloodqwhv/ wrxwhv hq skdvh srxu � @ 3/ hw grqw od wudqvirup�hh gh Irxulhu shxw v*�hfuluh =

aQ +$, @
4

5�

]
"

3"

Q +�,g� @
4

�k2
[

s

mY�s m2 �+$ � $�s , +7193,

Od odujhxu hq iu�htxhqfh gh fhwwh wudqvirup�hh gh Irxulhu hvw grqf gh o*ruguh gh �/ hw od odujhxu
whpsruhooh gh Q +�, hvw �S � �

3�
1

Rq shxw doruv uhpsodfhu gdqv o*�htxdwlrq lqw�hjur0gl��huhqwlhooh ��+w � �, sdu ��+w,/ hq wludqw
sduwl gx idlw txh �� �hyroxh shx shqgdqw o*lqwhuydooh gh whpsv �S txl hvw oh vhxo �d frqwulexhu �d
o*lqw�hjudoh gh +718;,e1 Rq duulyh doruv �d =

b��+w, @ �

�]
|

f

Q +�, g�

�
��+w, +7194,

�htxdwlrq ehdxfrxs soxv vlpsoh �d dqdo|vhu hw �d u�hvrxguh txh o*�htxdwlrq lqw�hjur0glii�huhqwlhooh1

Dx{ whpsv w wu�hv frxuwv +w ? �S,/ o*lqw�hjudoh ydulh olq�hdluhphqw dyhf w/ hw o*rq uhwurxyh oh
frpsruwhphqw hq w

2 glvfxw�h dx sdudjudskh su�hf�hghqw srxu od yduldwlrq gh ��+w,1 G�hv txh w g�hsdvvh

txhotxhv �S/ o*lqw�hjudoh dwwhlqw xqh ydohxu frqvwdqwh/ d sulrul frpsoh{h/ txh qrxv qrwhurqv =

l�$� .
�

5
@

]
"

f

Q +�,g� +7195,

Oh vhqv pdwk�hpdwltxh �d grqqhu �d fhwwh lqw�hjudoh hvw oh vxlydqw = lo idxw dmrxwhu xq idfwhxu gh

frqyhujhqfh whpsruhooh h
3#|*7� �d fkdtxh whuph rvfloodqw/ fdofxohu o*lqw�hjudoh/ sxlv idluh whqguh �

yhuv 31 Rq d grqf =

l�$� .
�

5
@

4

�k2

[

s

mY�s m2
]
"

f

h
3E�E.s3.��n#��*7� g� @

4

�k

[

s

mY�s m2

l+Hs �H�, . �
+7196,

vrlw hqfruh =

l�$� .
�

5
@

l

�k

[

s

SS

#
mY�s m

2

H� �Hs

$
.

�

�k

[
s

mY�s m2�+Hs �H�, +7197,

Dyhf fhwwh �hfulwxuh/ rq frqvwdwh txh od g�h�qlwlrq gh od sduwlh u�hhooh �@5 fr��qflgh elhq dyhf fhooh
rewhqxh dx suhplhu sdudjudskh> fhwwh sduwlh u�hhooh yd frqgxluh �d xqh g�hfurlvvdqfh h{srqhqwlhooh
gh od suredelolw�h gh su�hvhqfh gdqv o*�hwdw lqlwldo l1 Od sduwlh lpdjlqdluh hq �$� fruuhvsrqg �d xq
g�hsodfhphqw gh od srvlwlrq gh o*�hwdw glvfuhw vrxv o*h�hw gx frxsodjh dx frqwlqxxp1 O*�htxdwlrq
g*�hyroxwlrq gh �+w, v*�hfulw hq h�hw =

w �S @, l�k b�+w, @

�
H� . �k�$� � l

�k�

5

�
�+w, +7198,

fh txl v*lqw�hjuh hq =

w �S @, �+w, @ h
3�E.�n7�B/��|*7�

h
3K|*2

@, m�+w,m2 @ h
3K| +7199,

Uhpdutxrqv txh o*h{suhvvlrq gx g�hsodfhphqw hq �hqhujlh �k �$� hvw lghqwltxh �d od irupxoh elhq

frqqxh ghv shuwxuedwlrqv vwdwlrqqdluhv dx ghx{l�hph ruguh1 Gdqv oh fdv gx frxsodjh g*xq v|vw�hph

ew@ �@*�_�|�i _i Ui||i @TThL �4@|�L? it| *@ 4	i4i ^�i Ui**i _i *@ h
i}*i _<Lh _i 6ih4� G �* u@�| ^�i *<�iU�i**i _i
|i4Tt U@h@U|�ih�t|�^�i _it �@h�@|�L?t _i �kE|�c 
@ t@�L�h K3�c tL�| }h@?_i _i�@?| �S ; V

3�
�
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dwrpltxh dx fkdps �hohfwurpdjq�hwltxh/ oh g�hsodfhphqw hq iu�htxhqfh �$� v*dsshooh g�hsodfhphqw
gh Odpe1 Vrq revhuydwlrq h{s�hulphqwdoh d frqvwlwx�h xq ghv srlqwv gh g�hsduw gh od frqvwuxfwlrq
gh o*�hohfwurg|qdpltxh txdqwltxh prghuqh1

Oh frh�flhqw �+w, �hwdqw g�hwhuplq�h/ qrxv srxyrqv pdlqwhqdqw wurxyhu wu�hv vlpsohphqw
o*h{suhvvlrq gh �s +w, hq lqw�hjudqw

l�k b�s @ Hs�s . Ys��

Qrxv wurxyrqv =

�s +w, @ �
Ys�

�H� �Hs . l�k�@5

�
h
3�.s |*7�

� h
3� 7.�|*7�

h
3K|*2

�
+719:,

r�x o*rq d srv�h �H� @ H�.�k�$�1 Hq sduwlfxolhu/ srxu w �3�/ qrxv srxyrqv �hydoxhu od suredelolw�h

txh oh v|vw�hph derxwlvvh gdqv o*�hwdw i =

Ss @ m�s+4,m2 @
mYs�m2

+Hs �
�H�,2 . �k2�2@7

Rq wurxyh grqf xqh orl gh suredelolw�h oruhqw}lhqqh srxu od glvwulexwlrq hq �hqhujlh �qdoh > fhwwh

glvwulexwlrq hvw fhqwu�hh vxu o*�hqhujlh shuwxue�hh �H� hw d srxu odujhxu wrwdoh �d pl0kdxwhxu �k�1
Udsshorqv tx*hq j�hq�hudo fkdtxh suredelolw�h lqglylgxhooh Ss whqg yhuv 3 txdqg od wdlooh gh od
era�wh gh txdqwl�fdwlrq whqg yhuv o*lq�ql/ od txdqwlw�h sk|vltxh shuwlqhqwh �hwdqw soxwarw od vrpph
ghv Ss +w, vxu xq grpdlqh Gs g*�hwdwv �qdov1

e�e�2 w<@TThLU�i RLT�ih@|i�h h�itL*�@?|i�

Soxwarw txh wudydloohu dyhf o*�htxdwlrq gh Vfku�rglqjhu/ rq shxw su�hi�huhu xwlolvhu o*rs�hudwhxu
u�hvroydqwh J+}, lqwurgxlw dx fkdslwuh su�hf�hghqw/ srxu uhyhqlu �d od �q gx fdofxo dx frh�flhqw
�+w, grqqdqw o*dpsolwxgh gh suredelolw�h gh wurxyhu od v|vw�hph vxu oh qlyhdx mll �d o*lqvwdqw w =

�+w, @ klm#+w,l @ klmX+w,mll +719;,

Lo v*djlw grqf gh fdofxohu klmJ+},mll1

G�hyhorsshphqw gldjudppdwltxh

Xqh suhpl�huh p�hwkrgh frqvlvwh �d xwlolvhu oh g�hyhorsshphqw lq�ql gh J+}, phqwlrqq�h dx fkdslwuh
su�hf�hghqw =

J @ Jf .JfYJf .JfYJfYJf . = = = +719<,

Sxlvtxh ohv �hwdwv l hw i vrqw �hwdwv sursuhv gh Kf hw grqf gh Jf/ hw sxlvtxh Y idlw sdvvhu gh l �d i
hw gh i �d l/ vhxov ohv whuphv frpsruwdqw xq qrpeuh sdlu g*rs�hudwhxuv Y dxurqw xqh frqwulexwlrq
qrq qxooh �d klmJ+},mll1 Oh whuph frpsruwdqw 5q rs�hudwhxuv Y v*�hfulw =

f?+}, @ klmJf +YJf,
2? mll @ klmJf YJfY Jf Y JfY Jf = = = Y JfY Jfmll +71:3,

Fkdtxh eorf Y JfY idlw sdvvhu gh l �d l/ vrlw =

f?+}, @
4

+} �H�,?n�
+klmYJfY mll,? @

4

+} �H�,?n�

3
C[

s

mYs �m
2

} �Hs

4
D
?

+71:4,
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Iljxuh 717= O*�ho�hphqw gh pdwulfh klmJ+},mll fruuhvsrqg �d od vrpph lq�qlh gh gldjudpphv lpsol0

txdqw xq qrpeuh sdlu g*lqwhudfwlrqv yld oh frxsodjh Y 1

Od v�hulh ghv f? vh vrpph grqf frpph xqh v�hulh j�hrp�hwultxh srxu grqqhu =

klmJ+},mll @
4

} �H� �

S
s

�Ts� �2

53.s

+71:5,

Fh u�hvxowdw h{dfw hvw �htxlydohqw �d o*�htxdwlrq lqw�hjur0gl��huhqwlhooh/ hooh dxvvl h{dfwh/ rewhqxh
dx sdudjudskh su�hf�hghqw1 Lo fruuhvsrqg �d od uhvrppdwlrq gh wrxv ohv surfhvvxv g*lqwhudfwlrqv
�ho�hphqwdluhv g�hfulwv sdu oh frxsodjh Y +�jxuh 717,1

Htxdwlrq lpsolflwh

Rq shxw rewhqlu oh pahph u�hvxowdw vdqv idluh dssho �d xq g�hyhorsshphqw hq v�hulh lq�qlh1 Lo vx�w
g*xwlolvhu o*h{suhvvlrq h{dfwh +lpsolflwh, srxu J+}, =

J @ Jf .JfYJf .JfY JfY J

Hq suhqdqw o*�ho�hphqw gh pdwulfh gh fhw rs�hudwhxu hqwuh klm hw mll/ rq wurxyh lpp�hgldwhphqw =

klmJ+},mll @
4

} �H�

.
4

} �H�

[

s

mY�s m2

} �Hs

klmJ+},mll +71:6,

fh txl frqgxlw dx u�hvxowdw +71:5,1 Fhwwh p�hwkrgh hvw pdwk�hpdwltxhphqw soxv vlpsoh txh fhooh
irqg�hh vxu oh g�hyhorsshphqw lq�ql gh J+},/ pdlv qh prqwuh sdv dxvvl fodluhphqw od qdwxuh ghv
whuphv sulv hq frpswh gdqv J+},1

Olhq dyhf o*dssurfkh _whpsruhooh%

Srxu srxvvhu ohv fdofxov soxv orlq/ lo v*djlw pdlqwhqdqw gh idluh xqh dssur{lpdwlrq vxu o*h{suhvvlrq

gh klmJ+},mll1 Qrwrqv txh fhwwh dssur{lpdwlrq qh fruuhvsrqg sdv �d vrpphu xq qrpeuh �ql
gh gldjudpphv +fhfl grqqhudlw oh frpsruwhphqw sro|qrpldo hq whpsv g�hfulw dx g�hexw gh fh
sdudjudskh,> hooh frqvlvwh �d uhpsodfhu oh u�hvxowdw gh od vrpph lq�qlh sdu xqh ydohxu dssurfk�hh/
txl frqwlqxh �d suhqguh hq frpswh o*hqvhpeoh ghv gldjudpphv srvvleohv1
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Srxu uhyhqlu dx srlqw gh yxh whpsruho/ rq vdlw txh o*rq dxud ehvrlq/ srxu ohv whpsv srvlwliv/

gh =

klmJn+H,mll @
4

H �H� . l� �
S

s

�Ts��2

.3.sn�#

+71:7,

Ohv ydohxuv gh H srxu ohvtxhoohv fhw �ho�hphqw gh pdwulfh suhqg ghv ydohxuv lpsruwdqwhv vrqw
vlwx�hhv dx yrlvlqdjh gh H @ H�/ sxlvtxh f*hvw o�d txh od frqwulexwlrq hvvhqwlhooh dx g�hqrplqdwhxu
+H � H� . l�, v*dqqxoh1 Gdqv oh ghx{l�hph prufhdx gx g�hqrplqdwhxu/ txl idlw lqwhuyhqlu Y /

rq uhpsodfh doruv H sdu fhwwh ydohxu H�/ hq sduwdqw gx sulqflsh txh fh ghx{l�hph prufhdx qh

frqwulexh gh wrxwh id�frq gh pdql�huh vljql�fdwlyh txh srxu H yrlvlq gh H� =

[

s

mYs �m2

H �Hs . l�
�$

[

s

mYs�m2

H� �Hs . l�
+71:8,

Rq uhfrqqda�w doruv gdqv fh whuph dssurfk�h ohv ghx{ sdudp�hwuhv �$� hw � lqwurgxlwv soxv kdxw =

[

s

mYs�m
2

H� �Hs . l�
@ �k�$� � l

�k�

5
+71:9,

O*�ho�hphqw gh pdwulfh uhfkhufk�h v*�hfulw grqf =

klmJn+H,mll *
4

H � �H� . l
7�K

2

+71::,

r�x o*rq d lqwurgxlw o*�hqhujlh �H� @ H� . �k�$� gh o*�hwdw l/ _uhqrupdolv�hh% sdu oh frxsodjh gh fhw

�hwdw dx frqwlqxxp1

Oh uhwrxu dx srlqw gh yxh whpsruho vh idlw pdlqwhqdqw vdqv gl�fxow�h1 klmJn+H,mll d xq saroh
hq �H� � l�k�@5 txl grqqh dsu�hv wudqvirupdwlrq gh IrxulhuD =

+w A 3, �+w, @
�4

5�

]
n"

3"

h
3�.|*7�klmJn+H,mll gH @ h

3� 7.�|*7�
h
3K|*2 +71:;,

fh txl hvw lghqwltxh dx u�hvxowdw rewhqx hq wudqvirupdqw o*�htxdwlrq lqw�hjur0gl��huhqwlhooh hq

�htxdwlrq gl��huhqwlhooh1 Rq uhwurxyh hq sduwlfxolhu od g�hfurlvvdqfh h{srqhqwlhooh gh od suredelolw�h

gh su�hvhqfh hq mll dyhf oh wdx{ �1

e�e�� �@||i4i?|t ^�@?|�^�it

Od vlwxdwlrq hqylvdj�hh soxv kdxw hvw od soxv vlpsoh txl sxlvvh vh surgxluh oruv gx frxsodjh g*xq

�hwdw l dyhf xq frqwlqxxp1 Ghv vlwxdwlrqv xq shx soxv frpsoh{hv dssdudlvvhqw oruvtxh soxvlhxuv

�hwdwv glvfuhwv ml�l> ml2l> = = = > ml� l vrqw frxso�hv dx pahph frqwlqxxp/ ghv sk�hqrp�hqhv g*lqwhui�huhqfh
dssho�hv edwwhphqwv txdqwltxhv srxydqw doruv vh surgxluh1 Lo hvw frqvhloo�h vxu fkdtxh fdv gh
uhyhqlu vrlw �d o*�htxdwlrq lqw�hjur0gl��huhqwlhooh +rq rewlhqw dsu�hv dssur{lpdwlrq xq v|vwahph gh
Q �htxdwlrqv gl��huhqwlhoohv frxso�hhv,/ vrlw �d o*dssurfkh u�hvroydqwh +lo idxw doruv �hydoxhu ohv Q2

�ho�hphqwv gh pdwulfh kl& mJ+},ml,l/ n> o @ 4 = = = Q, srxu g�hwhuplqhu o*�hyroxwlrq gx v|vw�hph1

Grqqrqv vdqv fdofxov xq h{hpsoh g*xqh whooh vlwxdwlrqS1 Rq frqvlg�huh xq v|vw�hph dwrpltxh
rx qxfo�hdluh �d wurlv qlyhdx{ d/ e/ f +�jxuh 718,1 Ohv qlyhdx{ d hw f vrqw gh prphqw flq�hwltxh

D+i4@h^�ih ^�i *<�?|ih@U|�L? i?|hi ��� i| *i UL?|�?��4 @ _L??�i @� T	L*i _i Cn @ �?i T@h|�i �4@}�?@�hi �?�ic

�K*2c @*Lht ^�i *i T	L*i ULhhitTL?_@?| _i Cfn @�@�| �?i T@h|�i �4@}�?@�hi �?�?�4i?| Ti|�|i �#�
S�� �tTiU| i| @*c �T|�Ut �L44�?� ebc e2b E�bHe�
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a

b

c

J=0

J=1

J=0

Iljxuh 718= Fdvfdgh dwrpltxh idlvdqw dssduda�wuh ghv edwwhphqwv txdqwltxhv1 O*dwrph rx oh qr|dx

hvw lqlwldohphqw gdqv o*�hwdw d1 Od g�hwhfwlrq g*xq skrwrq �hplv vxu od wudqvlwlrq d $ e dyhf xqh

srodulvdwlrq ��% su�hsduh oh v|vw�hph gdqv xqh frpelqdlvrq olq�hdluh gh me>p5 @ .4l hw me>p5 @ �4l1
O*lqwhui�huhqfh hqwuh ohv ghx{ srvvlelolw�hv gh g�hfurlvvdqfh me>p5 @ .4l $ mfl hw me>p5 @ �4l $ mfl
frqgxlvhqw �d xq sk�hqrp�hqh gh edwwhphqw1

qxo/ hw e hvw gh prphqw flq�hwltxh 41 Oh v|vw�hph lqlwldohphqw gdqv o*�hwdw d shxw vh g�hvh{flwhu hq

�hphwwdqw xq skrwrq hw hq wrpedqw vxu o*�hwdw e1 Fhoxl0fl shxw �d vrq wrxu vh g�hvh{flwhu hw wrpehu

vxu o*�hwdw f1 Vxssrvrqv txh o*rq g�hwhfwh oh skrwrq fruuhvsrqgdqw �d od wudqvlwlrq d$ e dyhf xqh

srodulvdwlrq ��%1 O*�hwdw dsu�hv g�hwhfwlrq hvw doruv =

me>p% @ 3l @
4s
5
+me>p5 @ 4l. me>p5 @ �4l, +71:<,

Qrwrqv w @ 3 o*lqvwdqw gh fhwwh suhpl�huh g�hwhfwlrq hw lqw�huhvvrqv0qrxv �d od suredelolw�h S%+w,gw hw
S++w, gw gh g�hwhfwhu oh skrwrq e$ f hqwuh w hw w.gw/ dyhf xqh srodulvdwlrq ��% rx ��+ 1 Hq o*devhqfh
gh fkdps pdjq�hwltxh/ ohv wurlv vrxv0qlyhdx{ gh e vrqw g�hj�hq�hu�hv hw o*rq vh frqydlqf dlv�hphqw txh
o*rq uhwurxyh od orl gh g�hfurlvvdqfh kdelwxhooh h{s+��Kw,/ oh skrwrq �hplv �hwdqw wrxmrxuv srodulv�h
vhorq ��%1 Hq uhydqfkh/ vl o*rq lpsrvh xq fkdps pdjq�hwltxh qrq qxo sdudoo�hoh �d R}/ rq frqvwdwh
txh S% hw S+ vrqw prgxo�hhv �d xqh iu�htxhqfh �hjdoh �d od iu�htxhqfh gh Odupru srxu oh qlyhdx e1 D
sduwlu gx irupdolvph su�hvhqw�h gdqv fh fkdslwuh/ oh ohfwhxu srxuud hvvd|hu gh uhwurxyhu fh u�hvxowdw
hw gh prqwuhu txh o*rq d wrxmrxuv S%+w, . S++w, @ h{s+��Kw,1
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��@T�|hi D

#�g�t�L? T@h �? TL|i?|�i*c

@TThL �4@|�L? _i �Lh?

Fh fkdslwuh hvw frqvdfu�h �d xqh su�hvhqwdwlrq wu�hv vxfflqwh gx sureo�hph gh od gl�xvlrq g*xqh

sduwlfxoh sdu xq srwhqwlho1 Qrwuh exw hvw g*rewhqlu xq u�hvxowdw wu�hv vlpsoh hw wu�hv xwloh hq sudwltxh/
od irupxoh gh Eruq/ txl g�hwhuplqh ohv sursul�hw�hv gh gl�xvlrq g*xq srwhqwlho Y / �d o*ruguh oh soxv
edv qrq qxo hq Y 1

D�� #�g�t�L? T@h �? TL|i?|�i* i? 4�iU@?�^�i U*@tt�^�i

Frqvlg�hurqv xqh sduwlfxoh gh pdvvh p hq prxyhphqw gdqv xq srwhqwlho Y +�u , +fi1 �jxuh 814,1
Rq vxssrvh txh oh srwhqwlho whqg yhuv 3 �d o*lq�ql/ hw txh od sduwlfxoh hvw dv|pswrwltxhphqw oleuh
+�hqhujlh H� @ s

2

�
@+5p, A 3,1 Rq qrwh R} o*d{h sdudoo�hoh �d o*lpsxovlrq lqflghqwh �s�1 Oh srlqw R

hvw fkrlvl hq xq srlqw r�x oh srwhqwlho suhqg xqh ydohxu lpsruwdqwh1 Srxu xq srwhqwlho fhqwudo/
frpph oh srwhqwlho frxorpelhq/ R fruuhvsrqg dx fhqwuh gh v|p�hwulh gx srwhqwlho1 Od wudmhfwrluh
lqflghqwh gh od sduwlfxoh hvw fdudfw�hulv�hh sdu oh sdudp�hwuh g*lpsdfw +e%> e+,1

x

y z

q,f

bx,by

O

Iljxuh 814= Gl�xvlrq g*xqh sduwlfxoh gh sdudp�hwuh g*lpsdfw e%> e+ sdu xq srwhqwlho Y +�u,1 O*�hwdw
�qdo hvw fdudfw�hulv�h sdu o*dqjoh vrolgh 
 @ +�> !,1

O*lqw�hjudwlrq gh o*�htxdwlrq gx prxyhphqw gh od sduwlfxoh shuphw gh fdofxohu od gluhfwlrq gh
gl�xvlrq/ fdudfw�hulv�hh sdu ohv ghx{ dqjohv �> ! hq frrugrqq�hhv vsk�hultxhv g*d{h 3}/ hq irqfwlrq

8:
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gx sdudp�hwuh g*lpsdfw hw gh o*�hqhujlh lqflghqwh =

� @ �+e%> e+ >H, ! @ !+e%> e+> H, =

Sdu h{hpsoh/ srxu od gl�xvlrq frxorpelhqqh +Y +u, @ h2@u,/ rq vdlw txh oh prxyhphqw hvw
sodq +irufh fhqwudoh,/ fh txl g�hwhuplqh lpp�hgldwhphqw !1 Sdu dloohxuv/ rq rewlhqw sdu xq fdofxo
vlpsoh =

e @
t

e2
%
. e2+ @

h2

5H�

frw+�@5, +814,

Vxssrvrqv txh o*rq hqyrlh xq �x{ ��?U gh sduwlfxohv lqflghqwhv vxu oh fhqwuh gl�xvhxu1
O*h{whqvlrq wudqvyhuvh gx mhw gh sduwlfxohv hvw vxssrv�hh judqgh ghydqw od sruw�hh gx srwhqwlho
Y +�u,1 Rq g�h�qlw doruv od vhfwlrq h�fdfh gl��huhqwlhooh gh froolvlrq g�@g
 sdu =�

g�

g


�
�
2
 @

Qrpeuh gh sduw1 gl�xv�hhv sdu xqlw�h gh whpsv gdqv o*dqjoh vrolgh �


Iox{ lqflghqw
+815,

Oh qxp�hudwhxu d od glphqvlrq g*xqh iu�htxhqfh/ hw oh g�hqrplqdwhxu d od glphqvlrq g*xqh iu�htxhqfh
sdu xqlw�h gh vxuidfh1 Od vhfwlrq h�fdfh gl��huhqwlhooh d grqf od glphqvlrq g*xqh vxuidfh1 Soxv
su�hflv�hphqw/ +g�@g
, �2
 hvw �hjdo �d od vxuidfh devruedqwh tx*lo idxgudlw phwwuh +hq o*devhqfh gh
Y +�u,, vxu oh wudmhw gx idlvfhdx lqflghqw srxu eortxhu ohv sduwlfxohv txl vrqw gl�xv�hhv gdqv o*dqjoh
vrolgh �2
1

H{hpsoh = Srxu od gl�xvlrq frxorpelhqqh/ oh qrpeuh gh sduwlfxohv gl�xv�hhv sdu xqlw�h gh whpsv
gdqv 
 @ +�> !, �d �2
 @ vlq� g� g! su�hv/ hvw �hjdo dx qrpeuh gh sduwlfxohv gh sdudp�hwuh g*lpsdfw
+e%> e+, � +e> !,/ �d +�e> �!, su�hv/ e �hwdqw uhol�h �d � sdu +814,1 Rq d grqf=�

g�

g


�
�
2

 @

��?U e �e �!

��?U

dyhf m�em @
h2

7H�

4

vlq2+�@5,
m��m +816,

vrlw =
g�

g

@

#
h2

5H�

frw+�@5,

$ #
h
2

7H�

4

vlq2+�@5,

$
4

vlq �
+817,

rx hqfruh =
g�

g

@

#
h2

7H�

$
2

4

vlqe+�@5,
@

#
ph2

5s� vlq
2+�@5,

$
2

+818,

D�2 #�g�t�L? ^�@?|�^�i i| @TThL �4@|�L? _i �Lh?

Txdqwltxhphqw/ oh sureo�hph vh srvh gh od pdql�huh vxlydqwh = rq su�hsduh xqh sduwlfxoh lqflghqwh

dyhf xqh lpsxovlrq hw xqh �hqhujlh lqlwldoh dxvvl elhq g�h�qlhv txh srvvleoh/ hw rq fkhufkh �d

g�hwhuplqhu od suredelolw�h srxu txh fhwwh sduwlfxoh vrlw gl�xv�hh gdqv od gluhfwlrq fdudfw�hulv�hh sdu

o*dqjoh vrolgh 
s � +�s > !s,1 Oh exw gh fh sdudjudskh hvw gh fdofxohu fhwwh suredelolw�h �d o*ruguh
oh soxv edv qrq qxo hq oh srwhqwlho Y +dssur{lpdwlrq gh Eruq,1

Hq wrxwh uljxhxu/ o*lpsxovlrq qh shxw sdv ahwuh frqqxh dyhf xqh su�hflvlrq lq�qlh/ sxlvtxh
fhfl fruuhvsrqgudlw �d xqh g�horfdolvdwlrq frpso�hwh hq srvlwlrq/ fh txl q*hvw sdv frpsdwleoh dyhf
o*lg�hh lqwxlwlyh g*xqh froolvlrq1 Lo idxw grqf hq sulqflsh ideultxhu xq sdtxhw g*rqgh hw uhjdughu
frpphqw fh sdtxhw �hyroxh oruvtx*lo dwwhlqw od }rqh r�x oh srwhqwlho gl�xvhxu suhqg ghv ydohxuv
vljql�fdwlyhv1 F*hvw fh txh qrxv ihurqv gdqv od ghuql�huh sduwlh gh fh sdudjudskh1 Dxsdudydqw
qrxv doorqv prqwuhu txh o*rq shxw rewhqlu wu�hv vlpsohphqw xq u�hvxowdw �htxlydohqw hq udlvrqqdqw
vxu ghv �hwdwv _qrq sk|vltxhv% txh vrqw ohv �hwdwv g*lpsxovlrq g�hwhuplq�hh ms�l1
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D�2�� �TT*�U@|�L? _i *@ h
i}*i _<Lh _i 6ih4�

Frqvlg�hurqv xqh sduwlfxoh su�hsdu�hh gdqv xq �hwdw sursuh m�s�l gh

aKf @

as2

5p
=

Fhw �hwdw hvw qrupdolv�h gdqv xqh era�wh fxeltxh gh farw�h O =

k�um�s�l @
h�OR��Oo*7�

s
O�

Vrxv o*h�hw gx srwhqwlho gh frxsodjh aY / fhw �hwdw hvw _lqvwdeoh%1 Lo hvw frxso�h �d wrxv ohv dxwuhv

�hwdwv sursuhv m�ss l gh aKf/ oh srwhqwlho gh frxsodjh v*�hfulydqw =

Ys � @ k�ss maY m�s�l @
4

O�

�Y +�s� � �ss ,

r�x o*rq d lqwurgxlw od wudqvirup�hh gh Irxulhu �Y +�t, gh Y +�u, =

�Y +�t, @
]

Y +�u, h�Ô�Oo*7�
g
�
u

Rq vxssrvh txh Y +�u, g�hfura�w vx�vdpphqw ylwh �d o*lq�ql srxu txh fhwwh lqw�hjudoh frqyhujh1 Od
txdqwlw�h �Y +�t, hvw grqf lqg�hshqgdqwh gh od wdlooh O gh od era�wh gh txdqwl�fdwlrq1

Fkhufkrqv �d dssoltxhu od u�hjoh g*ru gh Ihupl �d fh sureo�hph1 Od suredelolw�h g*rewhqlu dx erxw
g*xq whpsv �w o*�hwdw �qdo fdudfw�hulv�h sdu 
s +�d �
 su�hv, hvw grqq�hh sdu=

��Ss @
5�

�k
mYs�m

2 �+Hs @ H�>
s , �
2
 �w

Oh qrpeuh gh sduwlfxohv derxwlvvdqw sdu xqlw�h gh whpsv hq 
s �d �2
 su�hv hvw doruv grqq�h sdu

�
�Ss@�w1 Sdu dloohxuv oh �x{ lqflghqw/ f*hvw0�d0gluh od suredelolw�h txh od sduwlfxoh gdqv o*�hwdw ms�l

wudyhuvh xqh vxuidfh xqlw�h shushqglfxodluh �d �s� shqgdqw o*xqlw�h gh whpsv/ hvw grqq�h sdu +fi1 �jxuh
815, =

�� @
y�

O�
@

s�

pO�

Rq shxw doruv g�h�qlu o*�htxlydohqw txdqwltxh gh +815, =

g�

g

@

2Z

7�
mYs�m

2 �+Hs ,

��

+819,

rx hqfruh/ hq uhpsod�fdqw od ghqvlw�h g*�hwdw sdu vrq h{suhvvlrq wurxy�hh dx fkdslwuh su�hf�hghqw
+�+Hs, @p2

O
�ys@+;�

��k�,, =

g�

g

@

#
p

�Y +�s� � �ss ,

5��k2

$
2

+81:,

Fh u�hvxowdw hvw dssho�h dssur{lpdwlrq gh Eruq1

Rq g�h�qlw �hjdohphqw od vhfwlrq h�fdfh wrwdoh =

�|L| @

]
g�

g

g
2
 +81;,
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L

L

L

vi

1

1

pi

Iljxuh 815= Fdofxo gx �x{ dvvrfl�h �d xqh sduwlfxoh txdqwltxh su�hsdu�hh gdqv xq �hwdw sursuh gh

o*lpsxovlrq gdqv xqh era�wh fxeltxh gh farw�h O1 Oh �x{ fkhufk�h hvw �hjdo �d od suredelolw�h gh wurxyhu

od sduwlfxoh gdqv xq sdudoo�ho�hsls�hgh gh orqjxhxu y� +ylwhvvh gh od sduwlfxoh, hw gh vhfwlrq 4 � 4

+vxuidfh xqlw�h,1

Fhwwh txdqwlw�h q*d g*lqw�huahw u�hho tx*hq p�hfdqltxh txdqwltxh1 Fodvvltxhphqw hooh q*h{lvwh txh vl
Y +u, hvw vwulfwhphqw qxo hq ghkruv g*xq yroxph �ql/ fh txl h{foxw sdu h{hpsoh ohv srwhqwlhov
yduldqw frpph u

3? �d o*lq�ql +srxu v*hq frqydlqfuh/ rq shxw u�h�hfuluh �|L| frpph 5�
U
e ge hq

xwlolvdqw od suhpl�huh sduwlh gh +816,,1

Uhpdutxh = �d edvvh �hqhujlh/ rq wurxyh xqh vhfwlrq h�fdfh lqg�hshqgdqwh gh o*dqjoh gh gl�xvlrq1
Hq h�hw/ vl s� hvw shwlw ghydqw �k@d r�x d hvw od sruw�hh gx srwhqwlho Y +�u,/ rq shxw uhpsodfhu
�Y +�s� � �ss , sdu �Y +3, +�d frqglwlrq txh fhwwh txdqwlw�h h{lvwh/ l1h1 txh Y +�u, g�hfurlvvh soxv ylwh txh
u3� �d o*lq�ql,1 Fh u�hvxowdw hvw j�hq�hudo hw uhvwh ydodeoh hq ghkruv gh o*dssur{lpdwlrq gh Eruq1

D�2�2 , i4T*i

Frqvlg�hurqv oh srwhqwlho gh \xndzd/ fruuhvsrqgdqw �d xq srwhqwlho frxorpelhq �hfudqw�h =

Y +u, @
h
2

u

h
3o*@

Fh srwhqwlho v*rewlhqw hq vxshusrvdqw xqh fkdujh srqfwxhooh srvlwlyh hq R/ hw xqh fkdujh q�hjdwlyh
g�horfdolv�hh dxwrxu gh R vxu xqh glvwdqfh gh o*ruguh gh d1

Od wudqvirup�hh gh Irxulhu gx srwhqwlho ydxw =

�Y +t, @
7�h2�k2

t2 . +�k@d,2

Sdu dloohxuv/ m�s� � �ss m @ 5s� vlq+�@5,/ vrlw

g�

g

@

#
5ph

2

7s
2

�
vlq2+�@5, . +�k@d,2

$
2
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Ghx{ u�hjlphv g*�hqhujlh dssdudlvvhqw fodluhphqw vxu fh u�hvxowdw =

� D edvvh �hqhujlh/ f*hvw0�d0gluh s� � �k@d/ rq rewlhqw frpph su�hyx xqh vhfwlrq h�fdfh

lqg�hshqgdqwh gh o*dqjoh � +gl�xvlrq lvrwursh, =

g�

g

@

#
5ph2d2

�k
2

$
2

D fhwwh �hqhujlh/ rq qh shxw grqf sdv g�hwhuplqhu od vwuxfwxuh gx srwhqwlho gl�xvhxu1

� D kdxwh �hqhujlh/ vl rq qh fkrlvlw sdv � wurs shwlw/ rq shxw dx frqwudluh q�hjoljhu od frqwul0
exwlrq gh �k@d1 Rq uhwurxyh doruv od vhfwlrq h�fdfh Uxwkhuirug = od gl�xvlrq hvw hvvhqwlho0
ohphqw g�hwhuplq�hh sdu od fkdujh srqfwxhooh srvlwlyh orfdolv�hh hq R1 Od gl�xvlrq yhuv ghv
shwlwv dqjohv +� � �k@+ds�,, shuphw txdqw �d hooh gh uhprqwhu �d od wdlooh d gh od glvwulexwlrq
q�hjdwlyh1

Rq uhwurxyh vxu fhw h{hpsoh xq u�hvxowdw wu�hv j�hq�hudo = srxu vrqghu xq remhw frpsrvlwh/ lo idxw
xwlolvhu xqh rqgh grqw od orqjxhxu g*rqgh hvw lqi�hulhxuh �d od wdlooh gh o*remhw +lfl k@s� ? d,1

D�2�� V@*�_�|�i _i *<@TThL �4@|�L? _i �Lh?

O*dssur{lpdwlrq gh Eruq uhylhqw �d fdofxohu od vhfwlrq h�fdfh �d o*ruguh oh soxv edv qrq qxo hq Y /
f*hvw0�d0gluh o*ruguh 51 Oh udlvrqqhphqw txh qrxv dyrqv phq�h soxv kdxw hvw hq h�hw irqg�h vxu xq
wudlwhphqw shuwxuedwli gx srwhqwlho gh frxsodjh Y 1 Qrxv yhuurqv soxv orlq sdu txrl uhpsodfhu
+819, txdqg rq yhxw xq u�hvxowdw ydodeoh �d xq ruguh duelwudluhphqw �hohy�h hq Y 1

Od ydolglw�h gh o*dssur{lpdwlrq gh Eruq q*hvw sdv vlpsoh �d g�hwhuplqhu1 Lo idxw �hydoxhu oh
suhplhu whuph q�hjolj�h gdqv oh g�hyhorsshphqw hw oh frpsduhu dx u�hvxowdw +819,1 Fhwwh glvfxvvlrq
hvw idlwh hq g�hwdlo gdqv oh olyuh gh D1 Phvvldk/ P�hfdqltxh txdqwltxh/ wrph 5/ fkds [L[ +Gxqrg,1
Grqqrqv lfl od frqglwlrq q�hfhvvdluh od soxv vlpsoh =

Lo idxw txh od vhfwlrq h�fdfh wrwdoh vrlw shwlwh ghydqw od vhfwlrq h�fdfh j�hrp�hwultxh1

Gdqv o*h{hpsoh gx srwhqwlho gh \xndzd/ od vhfwlrq h�fdfh j�hrp�hwultxh hvw �d2/ sxlvtxh d

hvw od sruw�hh gx srwhqwlho�1 D edvvh �hqhujlh/ od frqglwlrq gh ydolglw�h gh o*dssur{lpdwlrq gh Eruq

v*�hfulw dlqvl d� �k@+ph2,1

D�2�e #�g�t�L? �?�i*@t|�^�i

Od irupxoh +819, v*dssoltxh �d gh pxowlsohv vlwxdwlrqv/ | frpsulv od ghvfulswlrq gh surfhvvxv
lq�hodvwltxhv1 Frqvlg�hurqv o*h{hpsoh gh od froolvlrq hqwuh xqh sduwlfxoh gh fkdujh t/ gh pdvvh p

�w@ ?L|�L? _i TLh|�ii _� TL|i?|�i* it| �44�i_�@|i TL�h *<i i4T*i _� TL|i?|�i* _i v�!@�@ |h@�|�i U��_ittL�t� ,**i

*<it| 4L�?t TL�h _it TL|i?|�i*t �@h�@?| UL44i �?*o
? 
@ *<�?�?�� w@ 4�iU@?�^�i ^�@?|�^�i _L??i TL�h|@?| _@?t Ui

U@t �?i �iU�i**i _i *L?}�i�h |)T�^�ic ^�i *<L? LM|�i?| i? U�ihU�@?| 
@ T@h|�h _i ^�i**i |@�**i {% _i T@^�i| _<L?_i *i

|ih4i _<�i?ih}�i U�?�i|�^�i 7�2*E26{%2� _i��i?| Th�iTL?_�ih@?| T@h h@TTLh| @� |ih4i _<�i?ih}�i TL|i?|�i**i �?*{%
?�

�L�h ? : 2c L? |hL��i �?i |@�**i U@h@U|�ih�t|�^�i {% ; @ 
 E26�?*7�
2��*E?32� @� _itt�t _i *@^�i**i *@ T@h|�U�*i

Ti�| 	i|hi UL?t�_�ih�ii UL44i *�Mhic T��t^�i tL? �i?ih}�i it| itti?|�i**i4i?| U�?�i|�^�i� �i||i ?L|�L? ?<@ �i��_i44i?|

T@t _i ti?t i? T�)t�^�i U*@tt�^�ic ?� i? 4�iU@?�^�i ^�@?|�^�i TL�h ?$ 2�
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hw xq dwrph g*k|gurj�hqh > o*kdplowrqlhq aKf v*�hfulw =

aKf @
as2

5p
. aK�)_h�

O*�hwdw lqlwldo hvw m�s�> 4vl fruuhvsrqgdqw �d od sduwlfxoh g*lpsxovlrq �s� hw o*dwrph g*k|gurj�hqh gdqv

vrq �hwdw irqgdphqwdo q @ 4> c @ 31 Rq fkhufkh od suredelolw�h gh sdvvhu yhuv ghv �hwdwv �qdov

m�ss >q> cl/ fruuhvsrqgdqw �d xqh frqyhuvlrq g*xqh sduwlh gh o*�hqhujlh flq�hwltxh gh od sduwlfxoh hq

�hqhujlh dwrpltxh lqwhuqh =

s
2

�

5p
.H�cf @

s
2

s

5p
.H?c�

r�x o*rq q�hjoljh oh uhfxo gh o*dwrph1

Oh srwhqwlho gh frxsodjh hvw od vrpph ghv lqwhudfwlrqv frxorpelhqqhv hqwuh od sduwlfxoh hw

oh surwrq g*xqh sduw/ hw od sduwlfxoh hw o*�hohfwurq g*dxwuh sduw =

aY @
ttR

7��fm�u � �uRm
.

tte

7��fm�u� �uRm
=

Rq shxw doruv xwlolvhu od irupxoh gh Eruq +819, srxu wurxyhu od vhfwlrq h�fdfh gh fh surfhvvxv1
Dwwhqwlrq = oh �x{ lqflghqw idlw lqwhuyhqlu o*lpsxovlrq lqlwldoh s�/ doruv txh od ghqvlw�h �qdoh idlw
lqwhuyhqlu o*lpsxovlrq �qdoh ss 1 Srxu xq surfhvvxv �hodvwltxh/ fhv ghx{ txdqwlw�hv vrqw �hjdohv
hw v*�holplqhqw gdqv oh fdofxo frqgxlvdqw �d +81:,/ pdlv fh q*hvw soxv oh fdv srxu xq surfhvvxv
lq�hodvwltxh1

D�� #�g�t�L? _<�? T@^�i| _<L?_it

O*xwlolvdwlrq gh od u�hjoh g*ru gh Ihupl srxu xq �hwdw qrq sk|vltxh frpph xqh rqgh sodqh shxw
odlvvhu sodqhu xq grxwh vxu od ydolglw�h gx u�hvxowdw +819,1 Qrxv qrxv sursrvrqv gdqv fh sdudjudskh
gh uhwurxyhu fhwwh irupxoh hq �hwxgldqw o*�hyroxwlrq g*xq sdtxhw g*rqghv1 Oh udlvrqqhphqw hvw soxv
orxug txh fhoxl sursrv�h soxv kdxw/ pdlv lo hvw xwloh gh o*dyrlu phq�h mxvtx*dx erxw dx prlqv xqh
irlv1

Qrxv frqvlg�hurqv grqf xq �hwdw lqlwldo mll elhq orfdolv�h oh orqj gh o*d{h } hw frpso�hwhphqw
g�horfdolv�h gdqv oh sodq wudqvyhuvh {|1 Fhw �hwdw hvw irup�h hq vxshusrvdqw xq judqg qrpeuh
g*�hwdwv m�sl/ dyhf �s @ +3> 3> s, =

m�+3,l @ mll @
[

R

f+s, m�sl

Od qrupdolvdwlrq gh fhw �hwdw hqwuda�qh =

4 @

[

R

mf+s,m2 @
O

5��k

]
"

3"

mf+s,m2 gs +81<,

Rq shxw sdu h{hpsoh frqvlg�huhu xq sdtxhw jdxvvlhq =

f+s, @

�
�k

O �s

��*2

+5�,�*e h{s

#
�

+s� s�,
2

7 �s2
� l

s}�

�k

$

fruuhvsrqgdqw �d xq sdtxhw fhqwu�h dx srlqw }�1
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Sxlvtxh fh sdtxhw hvw elhq orfdolv�h hq }/ vrq h{whqvlrq �} y�hul�h

�} � O

Sdu dloohxuv/ oh sulqflsh gh Khlvhqehuj lpsrvh �} � �k@+5�s,/ vrlw

�s 
�k

O

Rq uhwurxyh elhq tx*lo idxw vxshusrvhu xq judqg qrpeuh g*�hwdwv m�sl srxu iruphu fh sdtxhw1

Srxu dyrlu xqh erqqh g�h�qlwlrq gh o*lpsxovlrq lqlwldoh/ qrxv lpsrvrqv �s� s�/ r�x s� @py�
hvw o*lpsxovlrq pr|hqqh gx sdtxhw g*rqgh1 Rq yd odlvvhu fh sdtxhw g*rqgh �hyroxhu xq whpsv
W vx�vdqw +y�W A m}�m, srxu txh oh sdtxhw duulyh dx yrlvlqdjh gx srlqw R hw vrlw gl�xv�h1 Hq
uhydqfkh W ghyud ahwuh vx�vdpphqw frxuw srxu txh od sduwlfxoh q*dlw sdv oh whpsv gh sdufrxulu
soxvlhxuv od era�wh gh txdqwl�fdwlrq/ hw g*lqwhudjlu soxvlhxuv irlv dyhf Y +�u,1 Rq suhqg grqf =

�{� y�W � O

Rq hq g�hgxlw W  �k@�H/ r�x �H @ s��s�@p1 Oh whpsv g*�hyroxwlrq hvw grqf orqj ghydqw o*lqyhuvh

gh od odujhxu hq �hqhujlh gx sdtxhw g*rqgh1 Fhfl dxwrulvhud o*lghqwl�fdwlrq gh od glvwulexwlrq

�
EA �+H, wurxy�hh dx fkdslwuh su�hf�hghqw dyhf od glvwulexwlrq gh Gludf �+H,1

Ohv �hwdwv �qdov mil dx{txhov qrxv qrxv lqw�huhvvrqv vrqw fdudfw�hulv�hv sdu od gluhfwlrq gh

o*lpsxovlrq �qdoh hw vrq prgxoh =

mil @ m
s > ss l 
s @ +�s > !s ,

Rq v*lqw�huhvvh �d od suredelolw�h gh wurxyhu o*lpsxovlrq �qdoh gdqv xq grpdlqh g*dqjoh vrolgh �


dxwrxu gh 
s / lqg�hshqgdpphqw2 gx prgxoh gh ss 1 Rq fkhufkh grqf �d fdofxohu

�2Ss @
[

sM&s

mki m�+W ,lm2

Hq lqwurgxlvdqw o*rs�hudwhxu g*�hyroxwlrq X+W , gh 3 �d W / fhwwh suredelolw�h vh u�h�hfulw =

�
2
Ss @

[

sM&s

�
�
�
�
�

[

R

f+s,ki mX+W ,m�sl

�
�
�
�
�

2

+8143,

O*�ho�hphqw gh pdwulfh ki mX+W ,m�sl d �hw�h �hydox�h dx fkdslwuh su�hf�hghqw/ �d o*ruguh 4 hq Y +frhi0
�flhqw �s +W ,, =

ki mX+w> w�,m�sl @
YsR

l�k

]
|

|�

h
3�.s E|3|

��*7�
h
3�.R|�*7� gw

� +8144,

fh txl grqqh =

�
�
�
�
�

[

R

f+s,ki mX+W,m�sl

�
�
�
�
�

2

@

�
�
�
�

]
|

|�

gw
�
h
�.s |

�*7�
]

g
�
u h

3�ORs uOo*7�
Y +�u, �+�u> w�,

�
�
�
�

2

2wi ThLUitt�t UL?t�_�ih�i �U� it| �i*@t|�^�i� w@ _�t|h�M�|�L? i? �i?ih}�i �?@*ic t� L? *<@?@*)t@�|c hi�
i|ih@�| *@ _�t|h��

M�|�L? i? �i?ih}�i _� T@^�i| _<L?_it �?�|�@*�
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r�x o*rq d xwlolv�h =
�+�u> w�, @

[

R

f+s, h3�.R|
�*7� m�sl

Od irqfwlrq �+�u> w�, uhsu�hvhqwh o*�hwdw gx sdtxhw g*rqgh �d o*lqvwdqw w
� hq o*devhqfh gh srwhqwlho

gl�xvhxu1

Ghx{ fdv olplwhv shxyhqw doruv ahwuh glvwlqjx�hv =

� Vl w hvw wurs surfkh gh w�/ oh sdtxhw g*rqgh q*d sdv oh whpsv g*duulyhu dx yrlvlqdjh gh R1

O*lqw�hjudoh vxu �u hvw doruv wrxmrxuv txdvl qxooh/ fdu oh uhfrxyuhphqw gh Y +�u, hw gh �+�u> w�,
hvw q�hjoljhdeoh srxu wrxv ohv whpsv w� hqwuh w� hw w1

� Vl rq dwwhqg dvvh} orqjwhpsv/ l1h1 w dvvh} judqg/ doruv lo | dxud xqh jdpph g*lqvwdqwv �w
�

hqwuh w� hw w srxu ohvtxhov oh uhfrxyuhphqw gh Y +�u, hw gh �+�u> w�, vhud vljql�fdwli/ f*hvw0�d0gluh
ghv whpsv w

� srxu ohvtxhov od sduwlfxoh hvw dx yrlvlqdjh gh R1 Srxu ohv whpsv w� dqw�hulhxuv

rx srvw�hulhxuv �d fhw lqwhuydooh �w�/ od frqwulexwlrq gh o*lqw�hjudoh vxu �u vhud dx frqwudluh

q�hjoljhdeoh1

Srxuyx txh w vrlw dvvh} judqg/ rq shxw doruv �hwhqguh ohv eruqhv w�> w gh o*lqw�hjudoh vxu oh

whpsv uhvshfwlyhphqw �d �4 hw .4/ vhxo o*lqwhuydooh �w
� frqwulexdqw gh pdql�huh vljql�fdwlyh1

Hq xwlolvdqw =

�+H, @
4

5��k

]
n"

3"

h
�.|*7�

gw

rq shxw doruv �hfuluh =

�
2
Ss @ 7�2

[

sM&s

mYs�m
2

�
�
�
�
�

[

R

f+s, �+Hs �HR,

�
�
�
�
�

2

r�x o*rq d vxssrv�h txh o*�ho�hphqw gh pdwulfh mYsRm qh yduldlw txdvlphqw sdv vxu o*lqwhuydooh �s1

Xwlolvrqv pdlqwhqdqw od uhodwlrq j�hq�hudoh =

[

R

f+s, �+Hs �HR, @
O

5��k

]
f+s, �

#
s2s

5p
�

s
2

5p

$
gs @

O

5��kys
f+ss,

Qrxv wurxyrqv doruv =

�2Ss @
[

sM&s

O
2

�k
2
y2
s

mf+ss,m
2 mYs �m

2

@

]
&s

O
2

�k
2
y2
s

mf+ss,m
2 mYs �m

2 �+Hs, gHs g
2


Hq uhpsod�fdqw gHs sdu ys gss / hq xwlolvdqw oh idlw txh f+s, hvw sltx�hh dxwrxu gh s�/ hw hq lqv�hudqw
+81<,/ rq wurxyh =

�2Ss @
5�

�k

O

y�
�+Hs @ H�, mYs �m

2
�
2


Srxu g�h�qlu xqh vhfwlrq h�fdfh/ lo idxw vh udphqhu �d xq �x{ xqlw�h/ doruv txh qrxv dyrqv vxssrv�h

mxvtx*lfl txh od sduwlfxoh �hwdlw g�horfdolv�hh gdqv oh sodq {|/ grqf vxu xqh vxuidfh O21 Qrxv dyrqv

grqf �qdohphqw=
g�

g

@ O2 �2Ss @

2Z
7�

mYs �m
2 �+Hs,

��

+8145,

txl fr��qflgh dyhf oh u�hvxowdw +819,1
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Srxu g�hfuluh txdqwltxhphqw xqh froolvlrq/ rx xqh gl�xvlrq fu�h�hh sdu xq srwhqwlho Y / rq frqvlg�huh

xq sdtxhw g*rqgh m"�l/ g*lpsxovlrq pr|hqqh s� hw gh glvshuvlrq �s� s�/ txh o*rq hqyrlh vxu xq

fhqwuh gl�xvhxu1 Fh sdtxhw g*rqgh hvw irup�h hq vxshusrvdqw ghv �hwdwv sursuhv g*xq kdplowrqlhq

Kf/ gh pdql�huh �d ideultxhu xq �hwdw dv|pswrwltxhphqw oleuh hw qrupdolvdeoh1 Rq vh grqqh gh

pahph xq �hwdw �qdo srvvleoh m"s l/ hw rq shxw dlqvl fdofxohu o*dpsolwxgh gh suredelolw�h srxu sdvvhu

gh m"�l �d m"sl = k"s mX+W@5>�W@5,m"�l1 O*lqwhuydooh gh whpsv W g*lqwhudfwlrq d �hw�h fkrlvl fhqwu�h

vxu w @ 3 srxu vlpsol�hu dx pd{lpxp ohv h{suhvvlrqv vxlydqwhv1

Frqvlg�hurqv srxu �{hu ohv lg�hhv oh fdv g*xqh sduwlfxoh srqfwxhooh gh pdvvh p qrq uhodwlylvwh1

Oh sdtxhw g*rqgh lqlwldo d xqh g�h�qlwlrq hq �hqhujlh

�H @
s� �s

p
�

s��k

5p �{
> +914,

r�x �{ hvw o*�hwhqgxh vsdwldoh gx sdtxhw g*rqgh lqflghqw1 Lo hvw lqlwldohphqw fhqwu�h dx srlqw

{� @ �s�W@+5p,/ dyhf
m{�m  �{ +915,

srxu txh o*lqwhudfwlrq dyhf oh srwhqwlho Y +�u,/ orfdolv�h dxwrxu gh �u @ 3/ q*dlw sdv hqfruh frpphqf�h
gh pdql�huh dssu�hfldeoh dx whpsv lqlwldo �W@51 Oh fhqwuh gx sdtxhw g*rqgh duulyh grqf dx
yrlvlqdjh gh 3 hq w @ 31 Rq fkrlvlw xqh wdlooh O gh od era�wh gh txdqwl�fdwlrq judqgh ghydqw
s�W@p srxu �hylwhu wrxw h�hw _g*lqwhudfwlrq pxowlsoh% ol�h �d ghv u�h�h{lrqv gh od sduwlfxoh gdqv od
era�wh gh txdqwl�fdwlrq1 Ohv ghx{ lq�hjdolw�hv +914, hw +915, hqwudlqhqw xqh frqwudlqwh vxu H hw W =

�H  
�k

W
+916,

Srxu g�h�qlu xqh txdqwlw�h lqg�hshqgdqwh gh od odujhxu lqlwldoh gx sdtxhw g*rqgh/ rq yd fkhufkhu
�d suhqguh od olplwh gh o*dpsolwxgh gh suredelolw�h g�h�qlh soxv kdxw oruvtxh o*�hqhujlh �H whqg yhuv
3/ oh whpsv W whqgdqw doruv yhuv o*lq�ql gx idlw gh +916,1 Ohv �hwdwv m"�l hw m"s l whqghqw doruv yhuv

ghv �hwdwv sursuhv mll hw mil ghKf/ txl vrqw ohv rqghv sodqhv h
�OR��Oo*7� hw h

�ORs �Oo*7� gdqv oh fdv sduwlfxolhu
gh od gl�xvlrq g*xqh sduwlfxoh srqfwxhooh vdqv vslq1 Oh sureo�hph derug�h gdqv fh fkdslwuh hvw
grqf gh grqqhu xq vhqv �d =

+B , ki mX+.4>�4,mll @ olp
{.<f

A<"

k"s mX+W@5>�W@5,m"�l +B ,

98
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S�� wit �i|@|t t|@|�L??@�hit _i _�g�t�L?

Srxu g�h�qlu fruuhfwhphqw od olplwh su�hf�hghqwh/ qrxv doorqv surf�hghu hq ghx{ �hwdshv1

S���� wi TL�?| _i ��i �?|ih@U|�L?

Hq o*devhqfh gh wrxw srwhqwlho gl�xvhxu/ o*dpsolwxgh gh suredelow�h frqvlg�hu�hh fl0ghvvxv rvflooh

gx idlw gh o*kdplowrqlhq Kf =

k"s mX+W@5>�W@5,m"�l @ k"s mh
3�MfA*7�m"�l @

[

.c1

k"s mH> �l kH> �m"�l h
3�.A*7�

r�x mH> �l uhsu�hvhqwh xq �hwdw sursuh j�hq�hultxh gh Kf/ g*�hqhujlh H1 Fhwwh rvfloodwlrq q*d ulhq gh

frpsoltx�h/ pdlv hooh hvw fodluhphqw xqh jahqh srxu h�hfwxhu oh sdvvdjh �d od olplwh txdqg W whqg

yhuv o*lq�ql1

Rq g�h�qlw srxu fhod o*rs�hudwhxu g*�hyroxwlrq hq srlqw gh yxh lqwhudfwlrq fh txl uhylhqw �d

_vrxvwudluh% o*�hyroxwlrq oleuh1 Rq srvh =

XU+ws > w�, @ Xf+3> ws , X+ws > w�, Xf+w�> 3,

hw rq yd v*lqw�huhvvhu �d od olplwh gh od txdqwlw�h k"s mXU+W@5>�W@5,m"�l txdqg W whqg yhuv o*lq�ql =

+B , ki mXU+.4>�4,mll @ olp
{.<f

A<"

k"s mXU+W@5>�W@5,m"�l +B ,

Xqh irlv fhwwh olplwh sulvh/ lo qh vhud sdv gl�floh gh uhyhqlu dx{ �ho�hphqwv gh pdwulfh gh X 1

S���2 w@ *�4�|i _i Bi**��@?? � BL*_Mih}ih

Frpph qrxv o*dyrqv idlw gdqv oh fdguh gh o*dssur{lpdwlrq gh Eruq/ lo hvw srvvleoh gh srxvvhu oh
fdofxo mxvtx*dx erxw dyhf ghv sdtxhwv g*rqgh srxu derxwlu �d o*�ho�hphqw gh pdwulfh uhfkhufk�h1 Ohv
fdofxov vrqw pdokhxuhxvhphqw uhodwlyhphqw orxugv1 Dxvvl suhqgurqv qrxv lfl xqh dxwuh dssurfkh
irqg�hh vxu xq sdvvdjh �d od olplwh gl��huhqw gdqv od iruph/ pdlv �htxlydohqw vxu oh irqg1

Vrlw i+w, xqh irqfwlrq eruq�hh txdqg w$ 	41 Rq srvh

i+.4, @ olp
#<fn

�

�k

]
n"

f

i+w, h3#|*7� gw +917,

i+�4, @ olp
#<fn

�

�k

]
f

3"

i+w, h#|*7� gw +918,

Lo hvw fodlu txh vl i+w, d h�hfwlyhphqw xqh olplwh if hq 	4/ rq uhwurxyh fhwwh olplwh dyhf od

g�h�qlwlrq gh Jhoo0Pdqq ~ Jrogehujhu1 Gh soxv/ vl i+w, d xq frpsruwhphqw �d o*lq�ql gx w|sh
if . i� vlq+$w. !,/ rq wurxyh o�d dxvvl od olplwh if dx vhqv gh Jhoo0Pdqq ~ Jrogehujhu1
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S���� ,|@|t t|@|�L??@�hit _i _�g�t�L?

Xq �hwdw sursuh mll gh Kf �hwdqw grqq�h/ rq srvh =

m#n
�
l � XU+3>�4, mll � olp

#<fn

�

�k

]
f

3"

XU+3> w, mll h
#|*7�

gw +919,

Gh pahph srxu xq dxwuh �hwdw sursuh mil gh Kf/ rq srvh =

k#3s m � ki m XU+4> 3, � olp
#<fn

�

�k

]
n"

f

ki mXU+w> 3, h3#|*7�
gw +91:,

Ohv �hwdwv m#n
�
l hw m#3s l vrqw dssho�hv �hwdwv vwdwlrqqdluhv gh gl�xvlrq/ o*�hwdw m#n

�
l �hwdqw txdol��h

g*dydqf�h hw o*�hwdw m#3s l gh uhwdug�h1

S���e W?|ihTh�i|@|�L? T�)t�^�i

Txdqg rq g�h�qlw dlqvl XU+3>�4, hw XU+.4> 3,/ rq vlpxoh juadfh dx frh�flhqw h�#|*7� xq eudq0

fkhphqw hw xq g�heudqfkhphqw wu�hv ohqw gx srwhqwlho gh frxsodjh Y / od frqvwdqwh gh whpsv �hwdqw
�k@� +fi1 �jxuh 914,1 Fhfl hvw pdwk�hpdwltxhphqw �htxlydohqw �d frqvlg�huhu xq sdtxhw g*rqgh gh
orqjxhxu �{ @ y�W @ y��k@�/ lqwhudjlvvdqw grqf gh pdql�huh h�fdfh dyhf Y shqgdqw xq whpsv

�k@�1

Facteur de
branchement

temps

Iljxuh 914= Eudqfkhphqw hw g�heudqfkhphqw gx srwhqwlho gl�xvdqw hq xq whpsv �k@�1

Fhwwh lqwhusu�hwdwlrq sk|vltxh lqgltxh fodluhphqw o*ruguh gdqv ohtxho ohv olplwhv grlyhqw ahwuh
sulvhv1 Od orqjxhxu gx sdtxhw g*rqgh grlw whqguh yhuv o*lq�ql +� whqg yhuv 3, wrxw hq uhvwdqw
shwlw ghydqw od wdlooh gh od era�wh gh txdqwl�fdwlrq1 Lo idxw grqf frqvlg�huhu wrxwhv ohv olplwhv vxu
� frpph =

� $ 3
n

> O$4 > O y�

�k

�

Vl rq qh uhvshfwh sdv fhwwh ghuql�huh lq�hjdolw�h/ rq shxw duulyhu �d ghv u�hvxowdwv lqfrk�huhqwv1

S���D w�i? @�iU *<LT�ih@|i�h h�itL*�@?|i

Ohv �hwdwv vwdwlrqqdluhv gh gl�xvlrq rqw xqh h{suhvvlrq wu�hv vlpsoh hq irqfwlrq ghv rs�hudwhxuv

J�+H, lqwurgxlwv su�hf�hghpphqw1 Frqvlg�hurqv sdu h{hpsoh m#n
�
l1 Hq xwlolvdqw

XU+3> w, @ X+3> w, Xf+w> 3, @ X+3> w, X _
f
+3> w,
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dyhf X+3> w, @ h{s+lKw@�k,/ rq wurxyh =

m#n
�
l @

�

�k

]
f

3"

h
3�E.�3Mn�#�|*7� mll gw

r�x H� hvw o*�hqhujlh gh mll srxu o*kdplowrqlhq Kf1 Od olplwh � $ 3n hvw lpsolflwh �d sduwlu gh

pdlqwhqdqw1 Hq lqw�hjudqw iruphoohphqw fhwwh �htxdwlrq/ rq wurxyh =

m#n
�
l @

l�

H� �K . l�
mll @

�
4.

4

H� �K . l�
+K �Kf,

�
mll

rx hqfruh

m#n
�
l @ +4 .Jn+H�, Y , mll +91;,

Gh pahph rq prqwuh txh
m#3

�
l @ +4 .J

3

+H�, Y , mll +91<,

O*�ho�hphqw gh pdwulfh �d fdofxohu srxu fdudfw�hulvhu oh surfhvvxv gh gl�xvlrq hvw doruv

ki mXU+.4>�4,mll @ k#3
s m#n

�
l +9143,

Lo hvw elhq fodlu �d fh vwdgh txh fhwwh h{suhvvlrq hvw sxuhphqw iruphooh/ dxfxqh frqglwlrq q*d|dqw

hqfruh �hw�h plvh frqfhuqdqw od frqyhujhqfh gh od olplwh � $ 3n1 Txdqg fhwwh olplwh h{lvwh/ rq

g�h�qlw dlqvl o*�ho�hphqw gh pdwulfh gh od pdwulfh V = Vs � @ k#3
s m#n

�
l1

S�2 �hLTh��i|�it _it �i|@|t t|@|�L??@�hit _i _�g�t�L?

Srxu srxyrlu g�hwhuplqhu vl ohv h{suhvvlrqv pdqlsxo�hhv fl0ghvvxv rqw h�hfwlyhphqw xqh olplwh/ lo

yd idoorluh idluh xqh k|srwk�hvh vxu od qdwxuh gx frxsodjh Y 1 Ohv sursul�hw�hv vxlydqwhv ghv �hwdwv

vwdwlrqqdluhv gh gl�xvlrq yrqw qrxv oh shuphwwuh =

41 Vl mnl hvw �hwdw sursuh gh Kf dyhf od ydohxu sursuh H&/ doruv m#�
&
l hvw �hwdw sursuh gh K dyhf

od pahph ydohxu sursuh/ srxuyx _txh Y vh frpsruwh elhq �d o*lq�ql%1

51 Ohv �hwdwv m#�
&
l vrqw vroxwlrq gh o*�htxdwlrq gh Olsspdqq0Vfkzlqjhu =

m#�
&
l @ mnl.Jf�+H&,Y m#�

&
l = +9144,

Lo v*djlw g*xqh �htxdwlrq lpsolflwh vxu m#�
&
l/ txl qh idlw lqwhuyhqlu txh Jf/ dx frqwudluh gh

od g�h�qlwlrq +91;/91<, txl hvw h{solflwh pdlv txl idlw lqwhuyhqlu J1

61 O*hqvhpeoh ghv m#n
&
l +uhvs1 m#3

&
l, hvw ruwkrqrup�h1 Lov iruphqw j�hq�hudohphqw xqh edvh +frqwl0

qxh, gh o*hvsdfh gh Kloehuw srxuyx tx*rq ohxu dgmrljqh ohv �hyhqwxhov �hwdwv ol�hv gh Kf . Y 1

G�hprqvwudwlrqv

41 Rq wurxyh gluhfwhphqw =

K m#n
&
l @ Kmnl.KJnY mnl @ H&mnl. +4 .KJn,Y mnl
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Frpph 4.KJn @ +H& . l�,Jn/ rq hq g�hgxlw

K m#n
&
l @ H&+4 .JnY ,mnl. l�JnY mnl

@ H&m#n
&
l. l�JnY mnl +9145,

Mxvtx*lfl dxfxqh dssur{lpdwlrq q*d �hw�h idlwh hw dxfxq sdvvdjh �d od olplwh q*d �hw�h phq�h1

Txdqg rq idlw whqguh � yhuv 3/ txh uhvwh0w0lo gx ghuqlhu whuphB

Hq u�hjoh j�hq�hudoh/ xq whuph hq l�Jnmnl rx l�Jfnmnl qh whqg sdv yhuv 31 Sdu h{hpsoh =

kn�ml�Jfnmnl @
l�

H& �H&� . l�
kn�mnl @

+
4 vl n @ n

�

3 vl n 9@ n
�

Q�hdqprlqv od su�hvhqfh gh Y shxw uhqguh fh whuph q�hjoljhdeoh1 Suhqrqv o*h{hpsoh g*xqh
sduwlfxoh srqfwxhooh gdqv xq srwhqwlho Y +�u,/ hw fdofxorqv xq �ho�hphqw gh pdwulfh gh l�JfnY

+soxwarw txh l�JnY / txl vhudlw wurs frpsoltx�h �d �hydoxhu h{solflwhphqw, =

k�s�ml�JfnY m�sl @
l�

HR �HR� . l�

4

O�

]
Y +�u, h�EOR3OR���Oo*7� g�u

Vl od wudqvirup�hh gh Irxulhu gh Y h{lvwh hq �t @ 3/ fhw �ho�hphqw gh pdwulfh whqg elhq yhuv 3

txdqg rq suhqg od olplwh � $ 3/ O$41 Qrxv frqvlg�huhurqv gdqv od vxlwh xq frxsodjh Y

who txh �JnY hvw qxo gdqv od olplwh � $ 31 Oh u�hvxowdw +9145, ghylhqw grqf =

K m#n
&
l @ H&m#

n

&
l = +9146,

F*hvw fh txh o*rq fkhufkdlw �d g�hprqwuhu1

51 Xwlolvrqv od uhodwlrq J @ Jf .JfYJ vxu o*�htxdwlrq g�h�qlvvdqw m#n
&

l =

m#n
&
l @ +4 .JfnY .JfnY JnY ,mnl @ mnl.JfnY +4 .JnY ,mnl

� ~} �

��n
&
�

g*r�x oh u�hvxowdw1

61 Fdofxorqv oh surgxlw vfdodluh gh ghx{ �hwdwv dydqf�hv =

k#n� m#n& l @ i+4 .Jn+H�,Y ,mmlj_ m#&l @ kmm#&l. kmmY J
3

+H�,m#
n

&
l

Lqmhfwrqv pdlqwhqdqw o*�htxdwlrq gh Olsspdqq0Vfkzlqjhu gdqv oh suhplhu whuph/ hw xwlolvrqv

gdqv oh vhfrqg whuph oh idlw txh m#n
&
l hvw �hwdw sursuh gh K =

k#n� m#n& l @ kmmnl. kmmJfn+H&,Y m#n
&
l. kmmY

4

H� �H& � l�
m#n

&
l

Hq xwlolvdqw �qdohphqw oh idlw txh mml hvw �hwdw sursuh gh Kf gdqv oh vhfrqg whuph/ rq wurxyh

txh oh ghx{l�hph hw wurlvl�hph whuphv vh frpshqvhqw srxu qh odlvvhu txh =

k#n� m#n& l @ ��c& =

Rq prqwuhudlw gh pahph =

k#3� m#3& l @ ��c& =
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Uhyhqrqv pdlqwhqdqw �d od txdqwlw�h txh qrxv vrxkdlwrqv fdofxohu srxu �hydoxhu xq surfhvvxv gh

gl�xvlrq =

Vs� @ ki mXU+.4>�4,mll @ k#3
s m#n

�
l +9147,

Hq xwlolvdqw fh txl su�hf�hgh/ fhw �ho�hphqw gh pdwulfh gh o*rs�hudwhxu V vh wudqviruph hq =

Vs � @ i+4 .J
3

+Hs ,Y ,milj_ m#n
�
l

@ ki m#n
�
l. ki mY Jn+Hs ,m#

n

�
l

Xwlolvrqv o*�htxdwlrq gh Olsspdqq ~ Vfkzlqjhu/ hw oh idlw txh m#n
�
l hvw �hwdw sursuh gh K =

Vs� @ ki
q

mll.Jfn+H�,Y m#n
�

l
r
.

4

Hs �H� . l�
ki mY m#n

�
l

@ �sc� �
5l�

+H� �Hs ,2 . �2
ki mY m#n

�
l

Txdqg rq suhqg od olplwh �$ 3n/ od irqfwlrq �@++H� �Hs,
2
. �

2, whqg yhuv � �+Hs �H�,1

Rq duulyh dlqvl dx u�hvxowdw hvvhqwlho =

Vs� @ �sc� � 5l� �+Hs �H�, ki mW +H�,mll +9148,

r�x o*rq d lqwurgxlw od pdwulfh W +H�, =

W +H�, @ Y . Y
4

H� �K . l�
Y +9149,

rx hqfruh

Ws�+H�, @ ki mW +H�,mll @ ki mY m#n
�
l = +914:,

Fhfl shuphw gh grqqhu hq sduwlfxolhu o*h{suhvvlrq h{dfwh +pdlv gl�floh �d fdofxohu h{solfl0
whphqw elhq vaxu, gh od vhfwlrq h�fdfh gl��huhqwlhooh1 Oh udlvrqqhphqw phq�h srxu duulyhu �d od
irupxoh gh Eruq shxw ahwuh uhsulv srlqw sdu srlqw/ od _vhxoh% prgl�fdwlrq frqvlvwdqw �d uhpsodfhu
gdqv o*h{suhvvlrq +819,/ rewhqxh �d o*dssur{lpdwlrq gh Eruq/ Y sdu W +H�,=

g�

g

@

2Z
7�

mWs�+H�,m
2
�+Hs @ H�,

��

+914;,

Frpswh0whqx gh od iruph gh +9149,/ lo hvw elhq fodlu txh o*rq uhwurxyh o*dssur{lpdwlrq gh Eruq
vl rq vh olplwh �d o*ruguh od soxv edv hq Y 1

Rq uhwurxyh fhwwh prgl�fdwlrq frqvlvwdqw �d uhpsodfhu Y sdu W +H�, hq frpsdudqw ohv u�hvxowdwv
+7147, hw +9148,1 Srxu +7147,/ rq dydlw vxssrv�h lpsolflwhphqw txh i 9@ l/ vl elhq txh oh whuph ��cs

q*| �jxuh sdv1 Hq uhydqfkh/ rq q*dydlw sdv hqfruh lqwurgxlw od uhsu�hvhqwdwlrq lqwhudfwlrq/ vl elhq
txh oh g�hshqgdqfh whpsruhooh gxh dx{ �hqhujlhv sursuhv ghKf +h3�E.�n.s �A*7�, hvw hqfruh su�hvhqwh1
Plv �d sduw fhv ghx{ gl��huhqfhv/ od vwuxfwxuh ghv ghx{ u�hvxowdwv hvw lghqwltxh dx fkdqjhphqw
Y $ W+H, su�hv1
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S�e #�g�t�L? _<�?i T@h|�U�*i ?L? hi*@|���t|i T@h �? TL|i?|�i*

Frqvlg�hurqv pdlqwhqdqw oh sureo�hph vs�hfl�txh g*xqh sduwlfxoh gh pdvvh p/ g*kdplowrqlhq qrq
shuwxue�hKf @ s2@+5p, gl�xv�hh sdu xq srwhqwlho Y +�u,/ orfdolv�h dx yrlvlqdjh gh �u @ 31 Ohv �hwdwv mll
hw mil vrqw ohv rqghv sodqhv h�OR�uOo*7�@

s
O� hw h�ORs uOo*7�@

s
O�

1 Frpswh whqx ghv u�hvxowdwv rewhqxv dx

sdudjudskh su�hf�hghqw/ rq vdlw g�hvrupdlv txh oh sureo�hph vh udp�hqh �d od g�hwhuplqdwlrq gh o*�hwdw
vwdwlrqqdluh gh gl�xvlrq #n

�
+�u, dvvrfl�h �d h�OR�uOo*7�

/ ohv �ho�hphqwv gh pdwulfh gh W v*hq g�hgxlvdqw
hqvxlwh juadfh �d +914:,1

Lo hvw elhq fodlu txh od u�hvroxwlrq gh fh sureo�hph shuphw �hjdohphqw gh wudlwhu oh fkrf hqwuh
ghx{ sduwlfxohv gh pdvvh p� hw p2 lqwhudjlvvdqw sdu xq srwhqwlho Y +�u� � �u2, =

K @
s2
�

5p�

.
s2
2

5p2

. Y +�u� � �u2,

O*lqwurgxfwlrq gx fhqwuh gh pdvvh hw gh od yduldeoh uhodwlyh grqqh hq h�hw =

K @
S 2

C

5P
.
s2

5�
. Y +�u,

r�x o*rq d srv�h =

�SC @ �s� . �s2 �UC @
p��u� .p2�u2

P
�s @

p2�s� �p��s2
P

�u @ �u� � �u2

dyhf P @ p� . p2 hw � @ p�p2@+p� . p2,1 Oh prxyhphqw gx fhqwuh gh pdvvh hvw wu�hv
vlpsoh +prxyhphqw uhfwloljqh xqliruph, hw oh prxyhphqw gh od yduldeoh uhodwlyh fruuhvsrqg �d od
gl�xvlrq g*xqh sduwlfxoh gh pdvvh � sdu oh srwhqwlho Y +�u,1

S�e�� #�g�t�L? 
@ �?i _�4i?t�L?

Oh sureo�hph gh od gl�xvlrq �d xqh glphqvlrq hvw hq idlw xq ghv suhplhuv txh o*rq hvw dphq�h �d
u�hvrxguh hq p�hfdqltxh txdqwltxh/ elhq dydqw gh frqqda�wuh o*dssur{lpdwlrq gh Eruq1 Frqvlg�hurqv
sdu h{hpsoh xq fuhx{ gh srwhqwlho frpph fhoxl lqgltx�h vxu od �jxuh 9151 D xqh glphqvlrq/ od
qrwlrq gh vhfwlrq h�fdfh vh u�hgxlw �d od qrwlrq gh suredelolw�h gh u�h�h{lrq hw gh wudqvplvvlrq/
irqfwlrqv gh o*�hqhujlh lqflghqwh H�1

x

V(x)
Ei

Iljxuh 915= Od gl�xvlrq �d xqh glphqvlrq = txhooh hvw od suredelolw�h g*dyrlu xqh u�h�h{lrq vxu xq

fuhx{ gh srwhqwlhoB
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Srxu fdofxohu fhv suredelolw�hv/ od surf�hgxuh hvw elhq frqqxh gh wrxw �hwxgldqw g�hexwdqw hq

p�hfdqltxh txdqwltxh1 Rq fkhufkh ohv �hwdwv sursuhv gh o*kdplowrqlhq wrwdo K @ Kf.Y / txh o*rq

vdlw g�hwhuplqhu h{solflwhphqw srxu xq srwhqwlho hq fu�hqhdx1 Sdupl fhv �hwdwv sursuhv/ rq fkrlvlw

o*�hwdw g*�hqhujlh H� @ �k2n2@+5p, +n A 3, txl ydulh dv|pswrwltxhphqw hq 	4 frpph =

{$�4 = #+{, @ h�&% . uh3�&%
{$ .4 = #+{, @ wh�&%

g*r�x o*rq g�hgxlw ohv frh�flhqwv gh u�h�h{lrq hw gh wudqvplvvlrq U @ mum2 hw W @ mwm21 Rq srxuud

vh frqydlqfuh vdqv gl�fxow�h txh o*�hwdw txh o*rq frqvwuxlw dlqvl q*hvw dxwuh txh o*�hwdw vwdwlrqqdluh
gh gl�xvlrq #n

�
+{, dvvrfl�h �d h�&�%

1

Rq yrlw dlqvl vxu fhw h{hpsoh wu�hv vlpsoh frpphqw rq shxw g�hgxluh ohv sursul�hw�hv _froolvlrq0

qhoohv% g*xq srwhqwlho Y �d sduwlu ghv sursul�hw�hv dv|pswrwltxhv g*xq �hwdw vwdwlrqqdluh gh gl�xvlrq1
Fh u�hvxowdw hvw elhq vaxu lpsolflwh gdqv ohv irupxohv +91490914:,1

S�e�2 ,|@|t t|@|�L??@�hit _i _�g�t�L? 
@ � _�4i?t�L?t

O*xwlolw�h ghv �hwdwv vwdwlrqqdluhv gh gl�xvlrq �d wurlv glphqvlrqv u�hvlgh gdqv ohv ghx{ sursul�hw�hv
vxlydqwhv =

41 Oh frpsruwhphqw dv|pswrwltxh gh o*�hwdw m#n
O&

l dvvrfl�h �d xq �hwdw sursuh mll � m�s @ �k�nl gh

Kf v*�hfulw =

s
O� #n

O&
+�u, � h

�O&uOo
. i+n>�q>�q�,

h�&o

u
= +914<,

r�x �q hw �q� vrqw ohv yhfwhxuv xqlwdluhv g�h�qlv sdu �n @ n�q hw �q� @ �u@u +yrlu �jxuh 916,1 Od
txdqwlw�h i+n>�q>�q�,/ txl d od glphqvlrq g*xqh orqjxhxu/ hvw dssho�hh dpsolwxgh gh gl�xvlrq1

b

r

n

n'

Iljxuh 916= Gl�xvlrq g*xq sdtxhw g*rqgh vh sursdjhdqw gdqv od gluhfwlrq �q sdu xq srwhqwlho Y +�u,
gh sruw�hh e1
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51 Od vhfwlrq h�fdfh gl��huhqwlhooh v*�hfulw =

g�

g

@

�
�i+n>�q>�q�,

�
�2 +9153,

G�hprqvwudwlrqv =

41 Xwlolvrqv o*�htxdwlrq gh Olsspdqq ~ Vfzlqjhu/ pxowlsol�hh �d jdxfkh sdu k�um =

#n
O&
+�u, @

h�
O&uOo

s
O�
.

]
k�umJfn+H&,m�u

�l Y +�u �, #n
O&
+�u �, g

�
u

�
= +9154,

Od txdqwlw�h k�umJfn+H&,m�u
�l vh fdofxoh dvvh} idflohphqw1 Hq lqwurgxlvdqw xqh uhodwlrq gh

ihuphwxuh =
[

O&�

m�n�lk�n�m @
O
�

;��

]
m�n�lk�n�m g�n�

rq wurxyh =

k�umJfn+H&,m�u
�l @

4

;��

5p

�k
2

]
h
�O&�

uO4

n2 � n�2 . l��
g�n�

dyhf �� @ +5p@�k2,� hw �� @ �u � �u �
1 O*lqw�hjudwlrq dqjxodluh qh srvh sdv gh gl�fxow�h =

k�umJfn+H&,m�u
�l @ �l

p

5�2�k
2�

]
n"

f

n
�+h�&�4

� h
3�&�4,

n2 � n�2 . l��
gn�

@ �l
p

5�2�k2�

]
n"

3"

n
�
h
�&�4

n2 � n�2 . l��
gn�

Fhwwh ghuql�huh lqw�hjudoh vh fdofxoh sdu od p�hwkrgh ghv u�hvlgxv1 Oh frqwrxu g*lqw�hjudwlrq hvw
ihup�h sdu oh kdxw gx sodq frpsoh{h +sxlvtxh � A 3, hw oh saroh txl frqwulexh hvw n� @ n.l���/
r�x ��� hvw srvlwli hw lq�qlphqw shwlw1 Rq wurxyh doruv =

k�umJfn+H&,m�u
�l @ �

p

5��k
2

h
�&�Oo3Oo

��

m�u � �u �m

Gdqv o*lqw�hjudoh +9154,/ ohv srlqwv �u � vrqw orfdolv�hv dx yrlvlqdjh gh o*ruljlqh +�d e su�hv/ r�x
e hvw od sruw�hh gx srwhqwlho,/ doruv txh oh srlqw �u hvw sulv wu�hv orlq gh R +rq fkhufkh xq
frpsruwhphqw dv|pswrwltxh,1 Rq shxw grqf xwlolvhu oh g�hyhorsshphqw =

m�u � �u
�m2 @ u

2
� 5�u � �u

�
. u

�2
, m�u � �u

�m � u

�
4�

�u � �u
�

u2

�
@ u � �q

� � �u �

gdqv o*dujxphqw gh o*h{srqhqwlhooh gh k�umJfn+H&,m�u
�l1 Hq fh txl frqfhuqh oh g�hqrplqdwhxu/

rq uhpsodfh vlpsohphqw m�u � �u
�m sdu u sxlvtxh ohv whuphv vxlydqwv gx g�hyhorsshphqw

dxudlhqw xqh frqwulexwlrq q�hjoljhdeoh dx �x{ gl�xv�h +whuphv hq u
32

> u
3�

> = = =,1 Rq rewlhqw
doruv oh u�hvxowdw +914<, dyhf =

i+n>�q>�q�, @ �
p

5��k2

]
h
3�O&

�
uOo

�

Y +�u �,
s
O� #n

O&
+�u �, g�u� +9155,

r�x o*rq d srv�h �n� @ n�q�1 Lo v*djlw g*xqh �htxdwlrq lpsolflwh/ uholdqw oh frpsruwhphqw dv|ps0
wrwltxh gh o*�hwdw vwdwlrqqdluh gh gl�xvlrq �d vd ydohxu gdqv od u�hjlrq r�x oh srwhqwlho Y +�u �,
suhqg ghv ydohxuv vljql�fdwlyhv1
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51 Qrxv dyrqv yx txh oh fdofxo qrq shuwxuedwli ghv dpsolxghv gh gl�xvlrq uhyhqdlw �d uhpsodfhu

ohv �ho�hphqwv gh pdwulfh ki mY mll gx srwhqwlho Y lqwhuyhqdqw gdqv o*dssur{lpdwlrq gh Eruq/

sdu ohv �ho�hphqwv gh pdwulfh gh W =

ki mY mll �$ ki mW mll @ ki mY m#n
�
l

rx hqfruh/ hq uhsu�hvhqwdwlrq �u =

]
h
3�O&�

uOo �

Y +�u �, h�O&uOo �

g
�
u

�
�$

]
h
3�O&�

uOo �

Y +�u �,
s
O� #n

O&
+�u �, g�u� +9156,

Rq uhfrqqdlw o*lqw�hjudoh lqwhuyhqdqw gdqv od g�h�qlwlrq gh i+n>�q>�q�,1 Hq uhyhqdqw dx
u�hvxowdw gh Eruq srxu od vhfwlrq h�fdfh =

g�

g


�
�
�
�
�Lh?

@

�
p

5��k
2

]
h
3�O&

�
uOo

�

Y +�u �, h�O&uOo
�

g
�
u

�

�
2

hw hq idlvdqw od vxevwlwxwlrq +9156,/ rq duulyh dx u�hvxowdw lqgltx�h1

Srxu �hydoxhu xqh vhfwlrq h�fdfh gdqv xq surfhvvxv gh gl�xvlrq �d wurlv glphqvlrqv/ oh sulqflsh
hvw grqf fodlu1 Lo idxw fkhufkhu xq �hwdw sursuh gh o*kdplowrqlhq K @ Kf . Y dyhf od frqglwlrq
dx{ olplwhv +914<,/ hw od txdqwlw�h uhfkhufk�hh hvw vlpsohphqw oh frh�flhqw gh o*rqgh vsk�hultxh
glyhujhqwh h�&o@u1

Qrwrqv txh o*lqyduldqfh sdu uhqyhuvhphqw gx whpsv gh o*kdplowrqlhq hqwudlqh =

i+n>�q>�q�, @ i+n>��q�>��q, > +9157,

S�e�� w@ *�4�|i M@tti �i?ih}�i

D edvvh �hqhujlh/ od gl�xvlrq ghylhqw lvrwursh/ dx prlqv vl oh srwhqwlho g�hfura�w dvvh} ylwh �d o*lq�ql
+soxv ylwh txh u

3�,1 O*�hfkhooh g*�hqhujlh dx ghvvrxv gh odtxhooh vh surgxlw fhwwh vlpsol�fdwlrq
hvw gluhfwhphqw uhol�hh �d od sruw�hh e gx srwhqwlho1 Txdqg ne � 4 +rx gh pdql�huh �htxlydohqw
H � �k2n2@+5p,/ o*dpsolwxgh gh gl�xvlrq hvw lqg�hshqgdqwh gh �q hw �q�

1

Fh u�hvxowdw lpsruwdqw srxu od sk|vltxh ghv jd} hw ghv oltxlghv �d edvvh whps�hudwxuh vh g�hgxlw
gh +9155,1 Ohv vhxov �u

� txl frqwulexhqw �d o*lqw�hjudoh vrqw whov txh m�u �m � e1 Sdu frqv�htxhqw

m�n� � �u �m � ne � 4/ hw rq shxw uhpsodfhu h
3�O&

�
�Oo

�

sdu 41 O*dpsolwxgh gh gl�xvlrq hvw grqf

lqg�hshqgdqwh gh od gluhfwlrq gl�xv�hh �q�
1 Hq xwlolvdqw +9157,/ rq hq g�hgxlw txh i+n>�q>�q�, hvw

�hjdohphqw lqg�hshqgdqw gh od gluhfwlrq lqflghqwh �q1

Hq u�hvxp�h/ �d edvvh �hqhujlh H � �k
2@+5pe2,/ o*rqgh gl�xv�hh hvw vsk�hultxh =

#O&
+�u, � h�

O&uOo
. i+n,

h�&o

u
=

Od vhfwlrq h�fdfh wrwdoh hvw doruv wu�hv vlpsoh �d fdofxohu =

�|L| @ 7�mi+n,m2

Txdqg n whqg yhuv 3/ rq shxw prqwuhu txh i+n, whqg yhuv xqh olplwh �qlh/ u�hhooh hw hq j�hq�hudo
qrq qxooh1 Rq srvh =

d @ � olp
&<f

i+n,



9171 GLIIXVLRQ G*XQH SDUWLFXOH QRQ UHODWLYLVWH SDU XQ SRWHQWLHO :8

Fhwwh txdqwlw�h d/ txl shxw ahwuh srvlwlyh rx q�hjdwlyh/ hvw dssho�hh orqjxhxu gh gl�xvlrq1 Hooh

mrxh xq uaroh hvvhqwlho srxu od ghvfulswlrq gx fkdps pr|hq fu�h�h sdu xqh dvvhpeo�hh gh sduwlfxohv

_iurlghv% vxu xqh sduwlfxoh whvw1 Dlqvl/ o*lqglfh gh u�hiudfwlrq srxu xq qhxwurq g*lpsxovlrq s sdu

xq plolhx pdw�hulho dyhf xqh ghqvlw�h gh qr|dx{ � v*�hfulw� =

q @ 4� 5�d
�

s2

r�x d hvw od orqjxhxu gh gl�xvlrq dvvrfl�hh dx srwhqwlho g*lqwhudfwlrq qhxwurq0qr|dx{1 Fhwwh orq0
jxhxu gh gl�xvlrq hw vrq vljqh vrqw �hjdohphqw hvvhqwlhov srxu od ghvfulswlrq ghv frqghqvdwv gh
Ervh0Hlqvwhlq hw ohxu vwdelolw�h1

S�e�e wi U@t _<�? TL|i?|�i* Ui?|h@*

Lo q*hvw sdv vlpsoh gh u�hvrxguh +dqdo|wltxhphqw rx qxp�hultxhphqw, oh sureo�hph dx{ ydohxuv
sursuhv gh Kf . Y +�u,1 Hq uhydqfkh/ txdqg oh srwhqwlho hvw fhqwudo +Y +�u, @ Y +u,,/ fhfl ghylhqw
qhwwhphqw soxv dlv�h1 Rq shxw hq h�hw fkhufkhu ohv �hwdwv sursuhv frppxqv gh K / O2 hw O5 =

#O&+�u, @
"[

,'f

,[

6'3,

\6, +�> !,
x&c,c6+u,

u
> +9158,

r�x ohv \ 6
,

+�> !, vrqw ohv kduprqltxhv vsk�hultxhv =

O2\6
,

+�> !, @ �k2o+o . 4, \ 6

,
+�> !, O5\

6

,
+�> !, @ �kp \ 6

,
+�> !,

Suhqrqv o*d{h } sdudoo�hoh �d o*rqgh lqflghqwh1 Fhwwh rqgh hvw doruv �hwdw sursuh gh O5 dyhf od

ydohxu sursuh 3 hw rq rewlhqw sdu xqh doj�heuh vwdqgdug =

h
�&5
�

4

5lnu

"[

,'f

+5o. 4, S,+frv �,
�
+�4,,n�

h
3�&o

. h
�&o

�
> nu  4 +9159,

r�x ohv S,+frv �, vrqw ohv sro|qrphv gh Ohjhqguh1 Xqh rqgh sodqh shxw grqf ahwuh yxh frpph
od vxshusrvlwlrq g*rqghv vsk�hultxhv hqwudqwhv S,+frv �, h3�&o@u hw g*rqgh vsk�hultxhv vruwdqwhv
S,+frv �, h

�&o@u/ dyhf xqh skdvh uhodwlyh gh 3 rx � vhorq od sdulw�h gh o1

O*�hwdw gh gl�xvlrq hvw dv|pswrwltxhphqw od vrpph gh o*rqgh lqflghqwh hw gh o*rqgh vruwdqwh
i+n> �, h�&o@u1 Lo shxw grqf ahwuh plv vrxv od iruph =

#O&
+�u, �

4

5lnu

"[

,'f

+5o. 4, S,+frv �,
�
+�4,,n�

h
3�&o

. h
2�B,

h
�&o

�
srxu m�um e > +915:,

r�x ohv frh�flhqwv h2�B, vrqw gh prgxoh 4/ rx/ gh pdql�huh �htxlydohqwh/ ohv frh�flhqwv �, vrqw u�hhov1
Hq h�hw/ gx idlw gh od v|p�hwulh vsk�hultxh/ lo | d frqvhuydwlrq gx �x{ srxu fkdtxh rqgh sduwlhooh1

Od vroxwlrq gx sureo�hph gh gl�xvlrq vh udp�hqh doruv �d od g�hwhuplqdwlrq ghv g�hskdvdjhv �,+n,1
Rq uhsruwh +9158, gdqv o*�htxdwlrq dx{ ydohxuv sursuhv srxu rewhqlu xqh �htxdwlrq gh Vfku�rglqjhu

�VL�h T@h i i4T*i a���� w�i�)�wiM*L?_ i| 6� �@*�M@hc "�@?|�^�ic +�_�4i?|tc W?|ih,_�|�L?t E�bHe��
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4G srxu fkdtxh rqgh sduwlhooh x&c,+u, +rq rxeolh o*lqglfh p @ 3,1 Hq vxssrvdqw txh x&c,+u,@u hvw
u�hjxolhu hq u @ 3/ fhwwh �htxdwlrq v*�hfulw =

x��

&c,+u, .

�
n
2
�

o+o. 4,

u2
�

5pY +u,

�k2

�
x&c,+u, @ 3 = +915;,

Xwlolvdqw +915:,/ qrxv fkrlvlvvrqv od iruph dv|pswrwltxh vxlydqwh srxu vd vroxwlrq =

x&c,+u, 2 +�4,,n�
h
3�&o

. h
2�B,

h
�&o srxu u e = +915<,

O*dpsolwxgh gh gl�xvlrq i+n> �, dqg od vhfwlrq h�fdfh gh froolvlrq �+n, vrqw grqq�hhv sdu =

i+n> �, @
4

5ln

"[

,'f

+5o . 4,
�
h
2�B,
� 4

�
S,+frv �,

hw =

�+n, @
"[

,'f

�,+n, dyhf �,+n, @
7�

n2
+5o . 4, vlq2 �,+n,

Xq who sureo�hph xql0glphqvlrqqho shxw ahwuh u�hvrox qxp�hultxhphqw dyhf uhodwlyhphqw shx

g*h�ruwv/ vl xqh vroxwlrq dqdo|wltxh q*hvw sdv glvsrqleoh 21

Rq qrwhud txh od sulvh hq frpswh gh o*lqglvfhuqdelolw�h vh idlw gh pdql�huh wu�hv vlpsoh gdqv

fh frqwh{wh1 Hq dssoltxdqw ohv sulqflshv g�hjdj�hv gdqv od suhpl�huh sduwlh gh fh frxuv/ rq wurxyh

txh =

� Srxu ghv ervrqv vdqv vslq rx srodulv�hv/ lo idxw grxeohu od frqwulexwlrq ghv rqghv sduwlhoohv

gh o sdlu/ hw dqqxohu od frqwulexwlrq ghv rqghv gh o lpsdlu1

� Srxu ghv ihuplrqv/ lo idxw dx frqwudluh dqqxohu od frqwulexwlrq ghv rqghv sdluhv hw grxeohu
od frqwulexwlrq ghv rqghv lpsdluhv1 D wu�hv edvvh whps�hudwxuh/ sxlvtxh vhxoh o*rqgh v +o @
3, frqwulexh +gl�xvlrq lvrwursh,/ rq hq g�hgxlw txh ghv ihuplrqv srodulv�hv qh vxelvvhqw
txdvlphqw soxv gh froolvlrqv1

S�e�D wi |��iLh
i4i LT|�^�i

O*rs�hudwhxu g*�hyroxwlrq hvw xqlwdluh1 Sdu sdvvdjh �d od olplwh/ V hvw �hjdohphqw xqlwdluh = VV_
@ 41

Fhwwh xqlwdulw�h hqwudlqh =

�|L|@*i @
7�

n�

Lp i+n>�q>�q, +9163,

G�hprqvwudwlrq =

��c� @ klmVV_mml @
[

&

V�& V
_
&�

@

[

&

+��c& � 5l� �+H� �H&,W�&,+��c& . 5l� �+H& �H�,W
W

�&,

@ ��c� � 5l� �+H� �H�, +W�� � W
W

��,. 7�2�&�+H� �H&, �+H& �H�,W�& W
W

�&

2�L�h i? t@�L�h T*�tc i? T@h|�U�*�ih t�h *i UL4TLh|i4i?| _it ULi�U�i?|t B,E&� 
@ M@tti �i?ih}�ic L? TL�hh@
UL?t�*|ih T@h i i4T*i w� w@?_@� i| ,� w�utU��|3c ��iU@?�^�i ^�@?|�^�ic U�@T�|hi jVWWc ,_�|�L?t ��h�
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Iljxuh 917= Lqwhui�huhqfh hqwuh o*rqgh lqflghqwh hw o*rqgh gl�xv�hh yhuv o*dydqw1

Rq idfwrulvh �+H� �H�, hw rq fkrlvlw H� @ H� 1 Rq wurxyh doruv =

l+W�� � W
W

��, @ 5�
[

&

�+H� �H&,W�& W
W

�&

Suhqrqv hq sduwlfxolhu l @ m1 Oh whuph gh jdxfkh grqqh =

l+W�� � W
W

��
, @ �5 Lp W�� @

7��k
2

pO�
Lp +i+n>�q>�q,,

Oh whuph gh gurlwh grqqh txdqw �d oxl =

5�
[

&

�+H� �H&,W�& W
W

�& @ �k��

]
g�

g

g
2

 @

�k
2
n�

pO�
�|L|

g*r�x oh u�hvxowdw1 Fh wk�hru�hph rswltxh h{sulph xqh vlpsoh frqvhuydwlrq ghv suredelolw�hv�1 Vl rq

hqyrlh xqh rqgh h
�O&uOo

/ od su�hvhqfh gh o*rqgh vsk�hultxh glyhujhqwh hq h
�&o@u lpsoltxh txh o*rqgh

lqflghqwh vrlw dww�hqx�hh1 Pdwk�hpdwltxhphqw fhwwh dww�hqxdwlrq u�hvxowh gh o*lqwhui�huhqfh ghvwuxfwlyh

yhuv o*dydqw hqwuh h�
O&uOo hw h

�&o@u +fi1 �jxuh 917, 1

S�D #�g�t�L? h�itL??@?|i

Oh exw gh fh ghuqlhu sdudjudskh hvw gh prqwuhu oh u�hvxowdw vxlydqw = oruvtxh/ gdqv xq surfhvvxv
gh gl�xvlrq/ lo | d sdvvdjh sdu xq �hwdw lqwhup�hgldluh uhodwlyhphqw vwdeoh +�hwdw glvfuhw,/ lo | d
u�hvrqdqfh gh od vhfwlrq h�fdfh hq wdqw txh irqfwlrq gh o*�hqhujlh lqflghqwh1 Od odujhxu gh od
u�hvrqdqfh �H hvw uhol�hh �d od gxu�hh gh ylh � gh o*�hwdw lqwhup�hgldluh sdu �H @ �k@� 1

Srxu prqwuhu vlpsohphqw fh u�hvxowdw/ uhsuhqrqv oh prg�hoh g�hyhorss�h oruv gh o*�hwxgh gx frx0

sodjh g*xq �hwdw glvfuhw �d xq frqwlqxxp1 Rq vxssrvh txh o*�hwdw lqlwldo gx v|vw�hph hvw xq �hwdw

�
���Ui ^�� it| *L}�^�i T��t^�<L? *i _�i_��| _i *<�?�|@h�|�i _i *<LT�ih@|i�h _<�i�L*�|�L?�
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mfl gx frqwlqxxp1 Oh surfhvvxv gh gl�xvlrq hvw lqgxlw sdu xq frxsodjh Y grqw ohv �ho�hphqwv gh

pdwulfh rqw sdu k|srwk�hvh od sursul�hw�h vxlydqwh =

YSS
� @ 3 Y__ @ 3 YS_ @ Y

W

_S 9@ 3

r�x g hvw o*�hwdw glvfuhw/ hw f� xq dxwuh �hwdw txhofrqtxh gx frqwlqxxp1

Srxu �hydoxhu od vhfwlrq h�fdfh fruuhvsrqgdqw �d od gl�xvlrq gh o*�hwdw mll � mfl yhuv xq dxwuh

�hwdw gx frqwlqxxp mil � mf�l/ rq grlw fdofxohu o*�ho�hphqw gh od pdwulfh W hqwuh fhv ghx{ �hwdwv =

kf�mW mfl @ kf�mY mfl. kf�mY
4

HS �K . l�
Y mfl

Oh suhplhu whuph hvw qxo sdu k|srwk�hvh1 Oh vhfrqg grqqh =

kf�mW mfl @ Y
S
�_ kgm

4

HS �K . l�
mgl Y_S

O*�ho�hphqw gh pdwulfh gh 4@+HS�K.l�, hqwuh kgm hw mgl d g�hm�d �hw�h fdofxo�h +gh pdql�huh dssurfk�hh,1
Lo ydxw =

kgm
4

HS �K . l�
mgl @

4

HS �H_ . l�k�@5

r�x � @ 4@� hvw o*lqyhuvh gh od gxu�hh gh ylh gx qlyhdx glvfuhw g gx idlw gh vrq frxsodjh dx

frqwlqxxp1 Vl rq uhsruwh fh u�hvxowdw gdqv o*h{suhvvlrq gh od vhfwlrq h�fdfh/ rq duulyh doruv �d =

g�

g

2 mkf�mW mflm2 2

4

+HS �H_,2 . �k2�2@7

Frpph dqqrqf�h/ od vhfwlrq h�fdfh su�hvhqwh xqh yduldwlrq u�hvrqqdqwh dxwrxu gx srlqw HS @ H_1

, i4T*i

Xq h{hpsoh gh u�hvrqdqfh hvw irxuqlh sdu od gl�xvlrq g*xq skrwrq sdu xq dwrph1 Ohv �hwdw gx
frqwlqxxp fruuhvsrqghqw �d o*dwrph gdqv vrq �hwdw irqgdphqwdo i hq su�hvhqfh g*xq skrwrq gh
yhfwhxu g*rqgh �n hw gh srodulvdwlrq �� = mfl @ mi >�n>��l1 O*�hwdw glvfuhw fruuhvsrqg �d o*dwrph gdqv
xq �hwdw h{flw�h h hq o*devhqfh gh skrwrq = mgl @ mh> 3l1

Sod�frqv0qrxv �d o*dssur{lpdwlrq glsrodluh �hohfwultxh/ hw udsshorqv od ydohxu gh od ghqvlw�h
g*�hwdwv �+H, @ O�

H
2@+;���k�f�, hw gx �x{ vvrfl�h �d xqh skrwrq � @ f@O�1 Rq wurxyh doruv txh

od vhfwlrq h�fdfh gh gl�xvlrq g*xq skrwrq gh iu�htxhqfh $ hw gh srodulvdwlrq ��� hq xq skrwrq gh
srodulvdwlrq ��s ydxw =

g�

g

@

+�g=���,2+�g=��s ,
2

49�2 �2
f
�k2 fe

$
e

+$ � $�,2 . �2@7

r�x $� hvw od sxovdwlrq gh u�hvrqdqfh gh o*dwrph1 Glvfxwrqv ohv frqv�htxhqfhv gh fh u�hvxowdw gdqv

ghx{ grpdlqhv gh iu�htxhqfh =

� Srxu $ � $�/ xwlolvrqv g � tdf hw $� � �k@+pd2f,/ r�x df hvw oh ud|rq gh Erku hw p od
pdvvh gh o*�hohfwurq1 Rq duulyh doruv �d =

g�

g

� u

2

f

�
$

$�

�
e
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r�x uf @ h
2@+pf2, hvw oh ud|rq fodvvltxh gh o*�hohfwurq1 Xqh ghv frqv�htxhqfhv ohv soxv vshf0

wdfxodluhv gh fhwwh yduldwlrq udslgh gh od vhfwlrq h�fdfh dyhf od iu�htxhqfh gx skrwrq hvw od

frxohxu eohxh gx flho1 Fh grpdlqh g*�hqhujlh hvw dssho�h grpdlqh gh od gl�xvlrq Ud|ohljk1

� Srxu $ @ $�/ rq wurxyh hq xwlolvdqw od ydohxu gh � wurxy�hh hq +717;, txh od vhfwlrq h�fdfh
wrwdoh hvw gh o*ruguh gh �21 Fhwwh wu�hv judqgh ydohxu +elhq vxs�hulhxuh dx fduu�h gh od wdlooh
g*xq dwrph, fruuhvsrqg �d xqh vxuwhqvlrq gh 43�2 $

Qrwrqv hq�q txh gdqv oh grpdlqh $  $� +grpdlqh gh od gl�xvlrq Wkrpvrq,/ od irupxoh grqq�hh
fl0ghvvxv qh v*dssoltxh soxv fdu o*dssur{lpdwlrq glsrodluh �hohfwultxh q*hvw soxv ydodeoh1 Lo idxw

doruv xwlolvhu od iruph hq ��s= �D gx frxsodjh dwrph0ud|rqqhphqw soxwarw txh od iruph hq ��g= �H1


